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Summary

Generalized linear models with scale mixture of multivariate normal (SMMVN)
link functions are considered to model correlated ordinal response data. A unified
Bayesian approach, which includes prior elicitation and model comparison, is
proposed. In order to incorporate available prior information, we propose a class
of informative prior distributions on model parameters. The propriety of the
proposed informative prior is also examined in detail. Due to the complexity
of SMMVN models, Markov chain Monte Carlo sampling is used to carry out
all posterior computations. Finally, a real data example from prostate cancer
studies is used to illustrate the proposed methodologies.
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1 Introduction

It is the current interest to model and analyze correlated or repeated cat-
egorical response data as these types of data often arise in biometrics,
pharmaceutical industries, and social sciences. The responses are natu-
rally correlated when they are taken from the same individual or subject
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at one time or over time. For example, data obtained from surveys are in-
herently categorical, items in a questionnaire usually consist of two-to-five
options (e.g., “disagree”, “neutral” and “agree”), and the responses of the
questionnaire are correlated since each respondent answers all questions in
the survey.

Prentice (1988) provided a comprehensive review of various modeling
strategies using generalized linear regression analysis of correlated binary
data with covariates associated at each binary response. Following Liang
and Zeger (1986) and Zeger and Liang (1986), Prentice used the generalized
estimating equation (GEE) approach to obtain consistent and asymptoti-
cally normal estimators of regression coefficients. In a Bayesian framework,
Chib and Greenberg (1998) used the multivariate probit (MVP) model for
correlated binary data, while Chen and Dey (1998) considered general scale
mixture of multivariate normal (SMMVN) link functions for longitudinal
binary responses.

Unlike the correlated binary response data, the literature is still sparse
in modeling and analyzing correlated or repeated ordinal data. A corre-
lated ordinal data problem is not a simple generalization of the one for the
correlated binary data. In general, an ordinal problem is harder than the
binary one. To see this, we consider generalized linear models for indepen-
dent categorical data models. It is well known that when the categorical
response is binary, a generalized linear model reduces to a binomial model,
which belongs to the exponential family. However, an appropriate model
for ordinal response data is multinomial while a multinomial model is not
a member of the exponential family. This may be one of the reasons why
analyzing ordinal data problems is typically more difficult than the binary

nes.
0 eIS[n the context of Bayesian analysis, Albert and Chib (1993) introduced
latent variables into the generalized linear model to perform Bayesian com-
putation using the Gibbs sampler. The primary goal for introducing the
strategy involving latent variables is to simplify Bayesian computations.
This goal was successfully achieved for independent binary probit mod-
els; see Albert and Chib (1993). However, even for a simple independent
ordinal probit model, the Gibbs sampler may present challenging prob-
lems in achieving its convergence. To present a clear explanation, we let
Y = (Y1,Ys,...,Y,) denote an n x 1 vector of independent ordinal (1
through L) response random variables. Assume

PY; <l)=®(y —z;0), for [ =1,2,---,L, (1.1)
where @ is the standard normal cumulative distribution function (cdf),
B = (B1,...,0p) is a p x 1 vector of unknown regression coefficients, and
x; = (Ti1, Tig, -+ - ,Tip) is a 1 x p vector of the corresponding covariates for

the i observation for i = 1,2,...,n. In (1.1) —co =79 <71 =0 < 75 <
- < yp—1 < v = oo are cutpoints dividing the real line into L intervals.
Then, we take an n-dimensional latent random vector w = (w1, w;, ..., wy,)’

such that )
Yi=1l, it Vi1 < w; <, (12)
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fori =1,2,...,n. If adiffuse prior is specified for 3 and v = (7o, -+, v-1)/,
letting y = (y1, 92, - - -, Yn) be the observed data, the posterior distribution
for g and 7 is of the form

p(B,7]y) ﬁ [D(vy; — i) — @(yy,—1 — 0] -

i=1

Instead of directly sampling 3 and « from p(3,v|y), Albert and Chib (1993)
incorporated the unknown latent variables w as additional parameters to
run the Gibbs sampler. It can be easily observed that the full conditional
distributions for w and 3 are

conditional on 7,1 < w; < 7y,, and
Blw ~ N{(X'X) X', (X'X)7'}, (1.4)

where X' = (xﬁv s "'E;L)/‘ Letting Y(-1) = (/727 e M= Y415 - - - 77L—1),7
the conditional distribution of ~; is

" | 7(—[)7w7y ~ U(alvbl)v (15)

where a; = max{max{w; : y; = l},y-1}, by = min{min{w; : y; =
I+ 1}, vy} and I = 2,---,L — 1. Albert and Chib (1993) implemented
the Gibbs sampler by drawing w, 3, and ~ from (1.3), (1.4) and (1.5),
which is straightforward. However, Cowles (1996) pointed out that the
Gibbs sampler converges very slowly when each ~; is generated from its
full conditional (1.5). She reasoned that the interval (a;,b;) within which
each ~; must be generated from its full conditional can be very narrow, and,
therefore, the cutpoint values can change very little between successive it-
erations. This is problematic as it makes the iterates highly correlated. Of
course, the slower convergence of the ~; is associated with the fact that
there is little information on the latent variable distributions. Her empir-
ical study also shows that the slow convergence of the cutpoints seriously
affects the convergence of 3. Then, instead of directly drawing v from
(1.5) she proposed a Metropolis-Hastings algorithm to generate v from its
marginal posterior distribution using a multivariate normal proposal den-
sity, which improves convergence of the Gibbs sampler used by Albert and
Chib (1993). In the same spirit of Cowles (1996), Nandram and Chen
(1996) proposed an alternative algorithm using a Dirichlet proposal den-
sity along with a reparameterization technique which improves convergence

even further. ) ) ) )
From the above discussions, we can see that to obtain a fully Bayesian

analysis for correlated ordinal response data, we must develop novel mod-
eling strategies as well as innovative computational algorithms. Cowles,
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Carlin and Connett (1996) used multivariate tobit models for analyzing
longitudinal ordinal data which include correlations among the latent vari-
ables. However, they considered only the three-levels ordinal responses.
Here we develop a new procedure for exact small sample Bayesian analy-
sis of general correlated ordinal data models. In Section 2, we propose a
novel modeling approach by considering latent variables, which is based on
multivariate link functions using a very rich class of scale mixture of nor-
mals. A semi-automatic prior elicitation scheme by incorporating available
historical information is developed, and the sufficient conditions for the
propriety of the resulting informative prior distribution are established in
Section 3. The distribution theory involved in the posterior calculations as
well as various efficient computational algorithms for this complex simula-
tion problem are presented in Section 4. In Section 5, we develop efficient
Monte Carlo methods using the marginal likelihoods for model compar-
isons. A real data example from the two prostate cancer studies is used
for illustrating the proposed methods in Section 6. Finally, Section 7 gives
brief concluding remarks.

2 Models

We first introduce some notation which will be used throughout the re-
maining sections. Suppose that we observe an ordinal (1 through L;)
response Y;; on the ith observations and the jth variable and let x;; =
(mijl,xijg,...,xijpj) be the corresponding pj-dimensional row regression
vector for i = 1,2,...,n and j = 1,2,...,J. (Note that z;;; may be 1,
which corresponds to an intercept.) Denote Y; = (Y;1,Yi,...,Y;s)" and
assume that Y;1, Yo, ..., Y;; are dependent whereas Y7, Yo, ..., Y}, are in-
dependent. Let y; = (yi1, Yi2, -+ ¥is) s ¥y = (Y1,Y2, - - -, yn) be the observed
data, and D = (n,y,x) denote the data from the current study. Also let
Bi = (Bj1, Bj2, - - - ,ﬁjpj)’ be a pj-dimensional column vector of regression
coefficients and 8 = (01,05, ...,0})"

In order to set up the scale mixture of multivariate normal (SMMVN)
link models for the correlated ordinal response data, we introduce a J-
dimensional (latent) random vector w} = (wjj, w}, ..., w;;) such that

Yij =1, if v <wj; <7, (2.1)

where —00 = 7jy < 951 < Vjo < Vo1 < 7L, =00 are cutpoints for
the jth ordinal response, which divide the real line into L; intervals. As
explained by Nandram and Chen (1996), we specify 71 = 0 to ensure

the identifiability of the cutpoint parameters. Here, we introduce different
sets of cutpoints for different ordinal responses since in many practical
problems, each ordinal response may behave quite differently. We further

assume that
w; ~ Nz, s(N)E"), (2.2)
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and
A~ w(N), (2.3)

where k() is a positive function of one-dimensional positive-valued scale
mixing variable A, 7(\) is a mixing distribution which is either discrete
or continuous, z; = diag(zi, iz, ..., %), and 8* = (B, 65,....35") is
ap= Z}]:1 pj dimensional column vector of regression coefficients corre-
sponding to the cutpoints v; = (7;277;3’---’7;,@—1)/ for j =1,2,...,J.

In (2.2) we further take ¥* = (p;j*)J ; to be a correlation matrix such
X

that p7; = 1 to ensure the identifiability of the parameters. Such a w; is
sometimes called a tolerance variable since in a bioassay setting w; can be
a lethal dose of a drug.

For a special case where ¥* = I;, the J x J identity matrix, and
k(A) = 1, the model defined by (2.1) and (2.2) reduces to an independent
probit model given in (1.1). As discussed in the introduction section, the
Gibbs sampler has already presented challenging problems in achieving
convergence even for an independent probit model. Since the SMMVN-link
models are much more complicated than the one for independent ordinal
response data, it is expected that the computation be more challenging.
This can be observed from the fact that for the SMMVN-link models, we
need to deal with two difficult sampling problems: (i) generating cutpoints
and (ii) generating correlation matrix.

To ease the computational burden, we extend the reparameterization
technique of Nandram and Chen (1996) to the SMMVN-link models by
considering the following transformation:

6 = 1/7jL,-1, Vit = 0;%j, B; = 6;85, and wi; = djwy; (2.4)

for j = 1,2,...,J and i = 1,2,...,n. With transformation (2.4), the
SMMVN-link models given by (2.1) and (2.2) become

Yij =1, if vj-1 < wij < v, (2.5)

and
w; ~ N(z;6,k(\)X), (2.6)

where the reparameterized cutpoints are —oco = ;0 < vj1 = 0 < 50 <
S 7j,Lj—1 =1 S ’ijj = 00, > = (O-]j*)7 O-]j = 5‘?, and O-]j* = 5‘75‘]*p;7*
for j # j*. The models given by (2.5) and (2.6) are thus called the repa-

rameterized SMMVN-link models.
The reparameterized SMMVN-link models have several attractive fea-

tures. First, the number of unknown cutpoints is reduced by J since
in (2.5), we have only L; — 3 unknown cutpoints for each j. Second,
all unknown cutpoints v;; are between 0 and 1, ie., 0 < 75 < 1 for
l =23,....,L; =2 and j = 1,2,...,J. Third, the variance-covariance
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matrix X for w; is unrestricted, which has a great advantage in implemen-
tation of MCMC sampling. Fourth, when L; = 3, there are no unknown
cutpoints. Due to these nice features, we use the reparameterized SMMVN-
link models throughout the remaining sections.

Finally, we note that reparameterization (2.4) does not affect the dis-
tribution of the scale mixing variable A. That is, we still have the same
mixing distribution 7(A) for the mixing variable A\. We also note the dis-
tribution of w; determines the joint distribution of Y; through (2.5) and
the variance-covariance matrix X captures the correlations among the Y;;’s.
More specifically, we have the joint distribution of the correlated ordinal
responses given by

1—@/@1, i2 = Yi2y . .- YJ_y2J|ﬁv 7/}/7)\7‘,171')
/21/12 /z] 27TK} J/2|E|

xexp{ 5 ( w; — z;6)'S ( w; — T zﬁ)}d’wi, (2.7)

\_/

where v = (v1,%, Y1) Vi = (Vj2s Vi3s - - Vj,L;—2) s and
Az] = (/yj,l—lv %l] if Yij = [, forj=1,2,...,J. (28)

The class of SMMVN links is quite rich, which includes multivariate
probit (MVP), t-link (MVT), logit (MVL), symmetric stable distribution
family links (MVS), symmetric exponential and power distribution family
links (MVEP) models. To preserve space, we will give a brief explanation
for MVP, MVT, and MVL as follows. The detailed discussions for the
other links can be found in Chen and Dey (1998).

Taking k(A) = 1 and the mixing distribution 7({1}) = 1, the SMMVN-
link reduces to the multivariate probit, i.e., MVP. Similar to the MVP,
when we take k(A\) = 1/X and A ~ g(2, 2) ie., m(A\) o A2 Texp {—%A},
the SMMVN-link gives a multivariate ¢t-link (MVT) with v degrees of free-
dom. Note that the special case of MVT-link with v = 1 is termed as a
multivariate Cauchy (MVC) link, and another special case of MVT-link
with v — oo is the MVP. Logistic regression is widely used to fit binary
response data (e.g., see Prentice, 1988). The multivariate logit is a spe-
cial SMMVN-link by taking x(\) = 42, where A follows an asymptotic
Kolmogorov distribution with density

() =7 (N) =8 i(—l)kﬂk‘z)\ exp{—2k*\?}.

The MVL models are attractive since the exchangeability on the corre-
lation structure is not required, which is advantageous compared to the
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random effects type of logistic regression models, for example, stratified
and mixture models as given in Prentice (1988).

It should be noticed that in the class of SMMVN links, the MVP and
MVC links serve as the two extremes in light of the tail behavior, that is,
the MVP has the lightest tail and the MVC link has the heaviest tail, while
the others such as MVEP-link, MVL, and MVS-link have heavier tails than
the MVP and lighter tails than the MVC.

3 Prior Distribution

3.1 Prior Elicitation

In this subsection, we will present a prior elicitation scheme from the his-
torical studies for correlated ordinal response models.

Our prior construction is based on the notion of the existence of a
previous study that measures the same response variable and covariates
as the current study. For ease of exposition, we assume only one pre-
vious study, as the extension to multiple previous studies is straightfor-
ward. To this end, let Dy = (ng,yo, o) be the data from the historical
study, where yo = (yo1,Y02; - - > Yono) and Yo; = (Yoi1, Yoi2, - - - » Yois). De-
note wo; = (woq1, - - - , Wois)' to be the latent variable vector associated with
the historical study. We propose a prior distribution for 3 given X1, ~,
and ag of the form

W(5’2_1777 ap, DO)

J 2 1/2
X 7T*(ﬁ|2_1777a07D0) / / / / ’2’ §2
Aoir Aoig 27T/€ (Xoi)) /

X exp {—Wf(o)(wm — 20;8) 2 (wo; — 33025)} (Ao )dwoidNo;,

(3.1)

where (3|27, v, ag, Dg) is an unnormalized prior distribution, the scale
mixing distribution 7(\g;) is given in (2.3), and

AOij = (’yj,l_l,’yjl], if y()ij = l fOI‘ j = 1, ceey J (32)

In (3.1), ap can be interpreted as a scalar prior parameter that weights the
prior data relative to the likelihood of the current study. It is reasonable to
restrict the range of ag to be between 0 and 1, and thus we take 0 < ag < 1.
Notice that (3.1) has several appealing interpretations. Small values of
ag give little prior weight to the historical control data relative to the
likelihood of the current study whereas values of ag close to 1, for example,
give roughly equal weight to the prior and the likelihood of the current
study. When ag — 0, (3.1) reduces to an improper uniform prior on
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0, resulting in no incorporation of the historical data. The parameter
ao allows the investigator to control the influence of the historical data
on the current study. Such control is important in cases where there is
heterogeneity between the previous and current study, or when the sample
sizes of the two studies are quite different.

The prior specification is completed by specifying prior distributions

for 71, 7, and ag. We propose a joint prior distribution for (8, %71, 7, ag)
of the form

(8,577, a0|Do) o 7 (B1S 7, v, ag, Do)m1 (S Ko, Qo)ﬂ2(’Y)7T3(a0!5OEC0)),

3.3
where m1 (X1 Ko, Qo) is the probability density function of a Wishart dis-
tribution W;( Ky, Qo) with degrees of freedom K and mean matrix KyQo,
and Qg is J x J symmetric and positive definite matrix. In (3.3), we also
take independent uniform priors on 7, i.e., ma(y) 1, and

7T3(CLO|50,C0) X ago_l(l — ao)Co—l’ 0< ag < 1. (3.4)

Note that in (3.3), hyperparameters Ky, Qo, do, and (y are prespecified
a priori. Also note that when ép = 1 and (o = 1, (3.4) reduces to a
uniform prior on ag and that the prior specification (3.1) for 3 is indeed
the generalization of power prior distributions proposed by Ibrahim, Ryan,
and Chen (1998) and Chen, Ibrahim, and Yiannoutsos (1999) for analyzing
univariate binary response data by using logistic regression, and Chen,
Manatunga and Williams (1998) for human twin data models. However,
the notion of power prior distributions cannot be directly adopted here due
to the complexity of our SMMVN-link models.

3.2 Propriety of the Informative Prior Distribution

In this subsection, we investigate the propriety of the prior distribution
(8,571, v, a0/ Do) given in (3.3). We note that it is not immediately clear
whether the prior distribution given in (3.3) is proper, since we use im-
proper uniform priors for the regression coefficients # and the cutpoints

7.
Let 1{S} denote the indicator function such that 1{S} = 1 if S is true,
and 1{S} = 0 if S is not true. Also, let

Toij = —20i; 1{2 < yoi5 < Lj}, Zoij = zoij {1 < yoi; < Lj — 1},
¢ij = ({3 < woijts - H{Lj < yois})s
Gij = —(H{2 <woij}, -, H{L; — 1 < yoi; ) I{1 < yoij; < Lj — 1},

Toij Cij
9ij =\ - s hig=1{ 7|,
! L0ij ! Cij

9i = dia’g(gi717 to 7972,]), hl = dia’g(hi,lv Ty hi,J)v
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91 h1
G = : and H =
Ino P

The following lemma plays a key role in the proof of our theorem con-
cerning the propriety of the prior distribution.

Lemma 3.1 Let 0 = (64,....,60r)" and 7 = (11,....,7)", M be an ng X k
matriz and N be an ng x | matriz, where ng > k + 1. Assume that (M, N)
is of full rank and that there exists a positive vector a such that

adM=0 and dN>0. (3.5)

Then there exists a constant K depending only on (M, N) such that

[Inl] < K|Jul] (3.6)
whenever
(M,N)yn<wu and 72>0, (3.7)
where n = (6',7") and || - || denotes the Fuclidean norm.

Proof: Let £ = {¢ = (g1, ...,epp1) € RF!: g, = +1}. Since (M, N) is of
full rank, for every ¢ € £, there is a b. € R™ such that

b.(M,N) = ¢'. (3.8)
Let a = (ay,...,a,)" € R™ be the positive vector satisfying (3.5). Put

_ minlgign(ai)
2maxcee [[bel|’

For ¢ = ¢, = sign(n’) = (sign(m),...,sign(nk4;))’, we have § > 0 and
a + 6b. > 0. Hence, it follows from (3.5) and (3.7) that

(a+ 5b€)/u > (a+ 5b€)/(M’ N)n
= ad' M0+ d' N7+ 6b.(M,N)n
> OUL(M,N)n = dsign(n)n
= (6/(k+D)lnll,

as desired. ) ) ) |
Now, we are led to the following theorem concerning the propriety of

the prior distribution with improper uniform priors for § and ~.

Theorem 3.1 Assume that the following conditions are satisfied:
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(C1) (G, H) is of full rank,
(C2) There exists a positive vector a such that

dG=0 and d'H >0,

(C3) /0 /{q/z(/\)w(/\)d)\ < 0o, where ¢ = Z}-Izl pj + E}-le(Lj —2),

(C4) 60 > q/2, and ¢y > 0.

Then, the joint prior given in (3.3) is proper, that is

/ 7 (818, 7, a0, Do)m1 (S~} Ko, Qo) a2~ (1 — ag)®~ddSdydag < co.

(3.9)
Proof: Let A\o1, -+, Aop, be independent random variables with the com-
mon probability density function 7. Let wo; = (Wgi1, -+, Wois)" denote

independent random variables such that
'lDOi‘)\Oi ~ N(O, (1/&0)&()\002)

and
Agi = Api1 X Agia X -+ X Agig.

Thus, we can rewrite 7*(3|X 71, v, a9, Do) given in (3.1) as

™(BIE7Y v, a0, Do) = E[1{(t0; + z0:8) € Aoi, 1 < i < ng}]
= E{l{ﬁ)m’j + 204505 € Avij, 1 <j<J1<4 < no}]

Let
B
7 %27 ﬂ lDf
J3 152 7 ~ .
L 5 = 5 w = . 5
Vi . n v ~,*
)
ViLy—1 = Vi L;—2 : "o
vJ

/
Wy = (— Woi; 1{1 < yoij < Lj — 1}, w0;1{2 < yoi; < L}, 1 <5< J) .
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Noting that o = —00,7j1 = 0 and v;, = 0o, we have
{Woij + w0ijB; € Aij, 1 < j < J,1<i <np}
= {doij + 20ijBj < Vjyoi;+ 1 < woij < Lj = 1,1 <i <o}
N{@oij + 20i585 = Vio—1:2 < Yoij < Lj, 1 < i <o}

Lj—1
C {— Z (vt — vj0-1) 1l < yois} + 20ii 85 < —woij, 1 < yoiy < Lj — 1,
=2
1<i< n}
Lj—1
ﬂ{ Z (vt = Y-l + 1 < yoij} — 20ij 85 < Woij,2 < yoij < Ly,
1=
1§i§n@

= {éiﬂj + 20585 < —woij {1 < yoi; < Lj —1},1 <0 < no}
ﬂ{éiﬂj + Z0ijB; < Woij {2 < yoi; < Ly}, 1 <i < no}
= {(G,H)n <w'}.

Thus,
(8], 7,00, Do) < E(1{(G, H)y < w'}),

and by (C1), (C2), and Lemma 3.1,
[ 1= 700, Do) (71 Ko, Qo) aff (1~ o)~ A da
< / E(1{(G, Hyn < w ) m (S Ko, Qo) a ™ (1 — ag) @~ dndSday

< [ B(HIBI < Kl |[})m(E Ko, Qo) 0™ (1 = ao)~dndda)

IN

K/E( max [[a7]])m (57 Ko, Qo) af (1 — a)® ' dday

1<i<ng

IN

no J
K /Z ZE|’LZ)0ij|q7T1(E_1|K0, QQ) ago_l(l — ao)co_ldzdao
i=1j=1

IN

J
K /Z E ||5(\)/ao|"’?] m1(S7" Ko, Qo) af* ™ (1 — )~ ddag
j=1

— KJ / E [|s(N)]2/2] 1 (87 Ko, Qo)ay > (1 — ag)® ' dSdag

< o0
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by (C3) and (C4). O
We note that the condition (C2) is easy to check via some standard
optimization software. More specifically, an equivalent condition to (C2)
is
inf adGG'a =0, (3.10)
a'H>0, a;>1,1=1,2,....n

which is a standard restricted quadratic optimization problem. For exam-
ple, we may use the IMSL subroutine DNCONG to find the minimum value
of the right hand side of (3.10). Then, the condition (C2) is satisfied if the
minimum value is 0.

4 Posterior Computation

We use a Markov chain Monte Carlo (MCMC) sampling scheme, namely,
a Metropolis-Hastings algorithm (e.g., Metropolis et al., 1953; Hastings,
1970; Tierney, 1994; and Chib and Greenberg, 1995), to perform the pos-

terior computation. The posterior distribution for our correlated ordinal
data model is of the form:

p(ﬁ? 2_1777 (10|D,D0) (8 L(ﬁv 2_177>D)7T(ﬁ7 2_1777 (10|D0), (41)

where the prior distribution 7(3,%7!,v, ag|Dg) is given by (3.3) and the
likelihood is

R TR

K1\
- €Xp {_#(wi —z;8) L7 (w; — :L"Zﬁ)} 7 (\)dw;d);.  (4.2)

To sample 3, X1, «, ag from (4.1), we introduce several auxiliary

variables. These include the latent variables w = (w},w},...,w})" and
the mixing variables A = (A1, Ag,..., \,) for the current study and wy =
(why, - -, Why,,) and Ag = (Xot,- .., Aony)’ for the historical study. To run

the Metropolis-Hastings sampling algorithm, we need to generate 3, ¥ 71,
v, w, we, A, Ag, and ag from their respective conditional distributions.
Necessary steps of the Metropolis-Hastings algorithm are briefly described
as follows.

Let B = ap 310 k(i) X two; + S0y k- 1(\) 2zl Y a; and

= <a025 (Moi) 33022 w(),—l—Z/i xE wz>.

=1
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Then, given X7, w, wg, A, Ao, and ag, we have
ﬁ | E_lvw7)‘7w07A07a07D7D0 ~ N(B>B_l)' (43)

The conditional distribution of X~1 given 3, w, wo, A, and \g is a Wishart
distribution, that is,

2_1 ’ B,U),'w(),)\,)\(),D,D() ~ WJ(n+nO+KO7Q*)7 (44)

where
QT = Q'+ 2w i) = zif) (i — i)
+ ao Z K1 (Xoi) (woi — 20i8) (woi — z0iB).

Therefore, generating 3 and X! from (4.3) and (4.4) is straightforward.
We notice that without transformation (2.4), we must draw the correla-
tion matrix ¥* from its conditional posterior distribution based on (2.2).
From Chen and Dey (1998) or Chib and Greenberg (1998), it can be seen
that generating a correlation matrix is much more difficult than drawing a

variance-covariance matrix from a Wishart distribution. .
ext, we consider sampling ag. From (3.1) and (3.4), the conditional

posterior distribution of ag is of the form

(a0|ﬁ7 _1 >, WO, AO) DO)
Jn()

X ay® exp{——zﬁ (oi) (woi — 20iB)' S~ (woi — 9601'5)}
xag (1 — ag)®, (4.5)

where 0 < ag < 1. Since p(ag|B, X7, wo, Ao, Do) is not log-concave in
general, we use a Metropolis algorithm to sample ag. Consider the trans-
formation:

exp(&)

=" 4.6
@0 1+ exp(gi) ( )
Then, the conditional posterior distribution [&|3, £, w, Ao, Do) is
p(&lB. 7 wo, Mo, Do) o< p(ao|B, S, wo, >\07D0)%i)27 (4.7)
(1 + exp(&))
where p(ag|3, 271, wo, A\, Do) is given by (4.5) and aq is evaluated at ag =

exp(&)/(1+ exp(&)) Instead of directly generating ag from (4.5), we first
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generate §; from (4.7) and then use (4.6) to obtain ag. To generate ;, we
use a normal proposal N(&;, 722) where &; is a maximizer of the logarithm

of the right side of (4.7), which can be obtained by using, for example,
the Nelder-Mead algorithm implemented by O’Neill (1971), and 72?_ is the

minus of the inverse of the second derivative of Inp(&|3, £, wo, A, Do)
evaluated at &; = &;, that is

7:—2 _ d2 1Hp(£i|ﬁ,2_l,U)0,A0,D0)
& ae?

&i=&;

The algorithm to generate &; operates as follows: (i) let &; be the current
value; (ii) generate a proposal value & from N (§i,7°§_); and (iii) a move
from &; to & is made with probability

2

p(gllﬂa 2_17 wo, )‘07 DO)(b (é\:{—é—jgl)

7

p(€F18, %71, wo, Ao, Do) (i;&)
1

min

where ¢ is the standard normal probability density function. After we
generate &;, we compute ag by using (4.6).

To generate the 7y;, w, and wq from their conditional distributions, the
Gibbs sampler may present challenging problems in achieving convergence
as discussed in the introduction section. Therefore, we propose an alter-
native efficient MCMC sampling scheme as follows. Let w;) = (w1, way,

.., Wy;) and denote w(—j;) to be w with w; deleted for j = 1,2,...,J.
Also let wy(;y = (wo1j, Wo2;, - - -, Wong;)' and denote wy_j) to be wy with
wo(y) deleted for j = 1,2,...,J. Then, we use a cycle of J Gibbs steps
to generate v;, w(;), and wy;) jointly from their conditional distributions
for j = 1,2,...,J in turn. For j = 1,2,...,J, we first draw 7, from
[7)|ﬁ7 2_17 W(—5), Wo(—j5)» A; Ao, ao, D]7 then draw W) from [w(j) h/]v B, 2_17
w—j), A, D] and draw wg;) from [wy;)]v;, B, E_l,wo(_j),)\o,ao,D]. We
use the algorithm of Geweke (1991) to generate w(jy and wqjy, since their
respective conditional posterior distributions are truncated multivariate
normals over intervals defined by (2.8) or (3.2). It can be easily observed
that given ;, (3, 21\ A0 and D, W1j, W25,y - - -y Wpj, Wolj, W2y, - - -, a0
Won,j, are independent. Therefore, the conditional posterior distribution
[7)|ﬁ7 2_17 W(—5), Wo(—j5)» A) )‘07 ag, D, DO] is

p(’yj|ﬁ7E_lvw(—jﬁw(](—j)vA) >\07a07D7D0) (8
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Yi2 — [ flii
) };[:2{@(17]”) <I>(_5_Z)}

[T {o(t 1) — o2 )

i Yij =3 v

(
L fo(t) et

i yij=L;—1 Tij 0ij
" i }(;]]::2 {(13(7]200:0”) (I)( B %)}
< 1L {o(Toton) —a(l2_ton))
g Vj,L;—2 — Hoij
" i yOz}Z[L {(I)( UOZOJ) <1>( = 5'2()z'j 0])}’ (4.8)
where
fisg = 2338 + Ty 5 (i) = Ti(-)8(-5) (4.9)
and
% = n ) (o5 = Zis= B (4.10)

In (4.9) and (4.10), z;—;) is z; with the ith row deleted, 3_; is § with f3;
deleted, X(_jy is X with the jth row and jth column deleted, and X;; =
(O‘jl, ey 05.5-1,04,541y - O'jJ). In (48), the definition of ,LNLOZ‘]' or 58@) is
similar to (4.9) or (4.10) with replacing w;(_;) and x;_;) by wg;—;) and
Loi(—j)-

Generating v; from (4.8) is a challenging problem. Cowles (1996) pro-
posed a Hastings scheme using a multivariate truncated normal proposal
distribution and Nandram and Chen (1996) developed an improved algo-
rithm using Dirichlet proposal distribution to draw 7; simultaneously from
its conditional distribution (4.8). Chen and Schmeiser (1998) suggested
to use a nearly automatic algorithm, a random-direction interior-point
(RDIP) approach, to generate ;. The RDIP requires the minimum input
from a user, but it may not be very efficient due to the nature of black-

box algorithms. Here, we propose a simple Metropolis-Hastings algorithm
using a transformation technique. Let

) Gt
Vjl—1 + e

and ¢; = ((j2,- -+, Cjr;—2)". Then, the conditional distribution [¢;]3, -
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w(—j)7 wO(—j)7 )‘7 )‘07 ap, D7 DO] is
p(Cj‘ﬁy 2_17w(_j),w0(_j), )\, )\o,ao,D,DO)

! A Ao, ag, D, D B (L= el
XX p(’Y]Mi 7w(—j)7w0(—j)7 » A0, @0, ) 0) H (1+€le)2
=2

(4.12)

where p(v;|8, E_l,w(_j),wo(_j), A, Ao, ag, D, Dy) is given by (4.8) and v; is
evaluated at vj; = (v;,-1 + €%¢)/(1 + e%t) for | = 2,3,...,L; — 2. Now
we follow the remaining steps of the Metropolis-Hastings algorithm for
generating ag. Compared to the algorithm of Nandram and Chen (1996),
our Metropolis-Hastings algorithm does not require the cell counts m;; =
p Ly,=i3 + >y Liyo,;=13 to be balanced, where the indicator function
Ly,=1y = 1if y;; =l and 0 otherwise.

Finally, we briefly discuss how to generate mixing variables A; and Ag;.
The random generation for \; or Ag; requires the known form of the mixing
distribution 7(\). For a MVP model, it does not require to generate \; or
Aoi, since both 7({\; = 1}) = 1 and 7 ({\g; = 1}) = 1. For a MVT model,
|3, 271, w;, D] and [A\os| 3, £, wo;, Do) are gamma distributions, which
are easy to sample. For the MVL, MVS and MVEP link models, Chen
and Dey (1998) developed various efficient Metropolis algorithms. Their
algorithms can be directly applied to our correlated ordinal data models,
and thus we omit the details.

5 Model Comparisons

In this section we consider the problem of accounting for uncertainty about
model form. Here we are faced with many models within a class of SMMVN-
link models. Although we may wish to summarize our findings with a single
model, there are usually many choices to be made. In this context, we con-
sider marginal likelihood approach (Chib and Greenberg, 1998) for model
comparisons since this approach is particularly suitable for the correlated

ordinal data models. ) )
To compare different SMMVN-link models, we calculate the marginal

likelihoods for each of the models and choose the model which yields the
largest marginal likelihood. As discussed in Chen and Dey (1998) and
Chib and Greenberg (1998), the marginal likelihood approach is essentially
equivalent to the Bayes factor approach of Kass and Raftery (1995).

Let m(D) be the marginal likelihood. Then, m(D) is the normalizing
constant of the posterior density p(3, X1, v, ag| D, Do) given in (4.1). That
is,

p(ﬁ? 2_1777 (10|D,D0) = ﬁL(ﬁv 2_177>D)7T(ﬁ7 2_1777 (10|D0). (51)
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To compute the marginal likelihood, we adopt a data-augmentation-based
method of Chib (1995). Given some point (5%, X*,~v*, af) (typically the
posterior means of 3, 3, v, and agp), using (5.1) we have an identity for the
marginal likelihood on the natural log scale as

Inm(D) = InL(F" (297" D)+ (8", ()" 7", ag| Do)
Inp(B*, (%)™, 7", a5|D, Do). (5.2)

Following Chib and Greenberg (1998), we write

Inp(6*, ()1, 7", ag|D, Do) = Inp(5*|D, Do) +Inp((X*)~"|5*, D, Do)
Inp(v*|8*, (*)~, D, Dy)
lnp(a6‘5*7 (E*)_lf.}/*? D7 DO)

and
In7(3, (29" ~%, af|Do) = Inw(8%|Do) + Inw((X*)7L5*, Do)

+ Inm(y*8", ()71, Do)
+ Inm(ag|8*, (3) 7', Do).

It can be shown that given 8*, (¥*)71, and ~*,
p(ap|B*, (%), 4", D, Do) = m(ap|B*, ()71, 7%, Do).
Thus, (5.2) reduces to

Inm(D) = InL(G* (2*)"t,~* D)
+ Inm(8*|Do) + mm((X*)"|8", Do)
+ Inm(y*|8*,(S%) 7L, Dy)
— [mp(8*D, Do) + np((*) 71|, D, Do)

+ Inp(y6, (£, D, Dy)|. (5.3)

Except for L(B*, (%)™, +*, D), all the other six terms in the right side of
(5.3) are the marginal or conditional posterior or prior densities of 3, X1,
and «y evaluated at 8*, (£*)~!, and 7*. Interestingly, the most efficient con-
ditional marginal density estimation (CMDE) method of Gelfand, Smith
and Lee (1992), can be adopted for computing these quantities. We give a

brief explanation as follows. Let {(5(17«)7 (n(ry=1 ~0r), a((]lr) wdr) A0r)
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(1” A(lr)) =1,2,... ,R} be the first MCMC sample from the poste-

rior distribution p(3, X7, v, ag, w, A, wo, A\o| D, Dy) using the Metropolis-
Hastings algorithm described in Section 4. Then, a simulation-consistent
estimator of p(8*|D, Dy) is given by

1 & 1\P2
ﬁ(ﬂ*‘D,DO) — _Z(_) ’B(T’)‘l/2
Rr:l 27

x exp{-5(3 — BB - i)} G

where

n

0

Ar r)\— 1r — 1r r 1r

B = (B 1(aé DILRCHDENDEORTE
i=1

+ if-e*(AE“’):c;(z“”>—1w§“’>,

i=1

nQ
B — aglr) Zﬂ_l(A(()ir))ﬂfloZ(z(lr) Z0; +ZR_1 )\(17“)) (2(17’)) 1%'7 and
i=1 i=1
p = Z}-lepj. Assume that {((2(2’")) 1 4@ g (2T) w®) ) \@) wé%),
/\(()27«))’ r = 1,2,...,R} is the second MCMC sample from the condi-

tional posterior distribution p(X71, «, ag, w, A, wo, Xo|B*, D, Dy), which
is independent of the first MCMC sample. Then, a simulation-consistent
estimator of p((X*)~Y3*, D, Dy) is given by

(2* 1’/8* D DO Z‘Q*(T (nt+no+Ko)/2

><exp{ ((Q*(T) ( ) )}]Z*]‘%

5.5
2(n+no+Ko)J/27TJ(J_1 /4 H}_]:1F (%Ko—jﬂ) ) ( )

where tr ((Q*(T))_l(z*)_l) denotes the trace of (Q*)~1(2*)~1, and

@) = Q5+ RO Wl - 0Bl — 20i6Y
i=1

i=1
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NOW7 let {(7(3T)7 a((]gr) w(37‘)7 )‘(3T)7 w(()37’)7 A(()?)T’))’ r = 1, 2, [N ,R} be the
third MCMC sample from the conditional posterior distribution p(~, ag, w,

A, wo, Ao| B, (X*)~L, D, Dy), which is independent of the first two MCMC
samples. Let

Slj:{il yij:ly i:1,2,...,n}U{i: inj:ly i:1,2,...,n0}

forl =2,3,...,Lj—1and j =1,2,...,J. If all sets Sj;’s are not empty, a
simulation-consistent estimator of p(v*| 5* (2971, D, Dy) is given by

R J Lj—
p(v*|8%, (%)™, D, Do) = (r) v <)y (5.6)
Balif TR

where T2(lrj) = min{min{ngr cy =L+ 1},min{w0i;) D yoij = L+ 1}}

and Tl(lrj) = max{max{wgw) S Vi = l},max{w((]?;) S Yoij = l}} When, J
is large, the estimator given in (5.6) may not be efficient, a better Monte
Carlo estimator can be obtained using a sequence of J — 3 dimensional
conditional marginal distributions for . By the chain rule decomposition,
we can write

p(v*16%, ()71, D, Do) = p(+16%, (%), D, Do)
p( ékh/’ﬁ*’( ) 7D7D0)"'

(7J|717 cee /7]—17 ﬁ*v (E*)_lv Dv DO)
Similar to (5.6), we obtain an estimate for each p(vj[v, ..., vj_1, 5%,
(2971, D, Dg) for j =1,2,...,J.

Analogous to (5.4), (5.5), and (5.6), we can obtain efficient Monte Carlo
estimators for 7(8%|Dy), w((X*)~18*, Do) and 7 (v*|3*, (X*)~1, Dy) using
three MCMC samples from the corresponding prior or conditional prior
distributions. Finally, we consider how to compute L(3*, (X*)~!, v*, D).

Let ¥} = diag(z*)> L = L(ﬁ*7 (E*)_177*7D)7 and CE = L(ﬁ*a (E;)_lv /7*7
D). Then, ¢} can be evaluated numerically, since

=11 /OO f[ e B R R PR
i=1 0 j=1 H()\Z)O'* H()\Z)O'*

JJ

X
X

Letting

=

R 7 I
A Y. D)= I I P ——T
p(w7 ’ ﬂ ) ’ ) T (QWH()\i))J/2
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we have

L _ g |pwA| 52", D)
L p(w, A | B+, X5, D) |

where the expectation is taken with respect to p(w, A | 8%, X}, D). Then,
°L can be easily computed using a MCMC sample from p(w, A | 3%, X%, D)

(sLee Chen and Shao, 1997a).

6 An Illustrative Example

To illustrate the proposed methodologies, we consider a real data exam-
ple from prostate cancer studies. Adenocarcinoma of the prostate is the
second-leading cause of cancer mortality in men. In order to examine the
relation between several prostate cancer response variables and the impor-
tant preoperative staging system predictors, two similar studies were con-
ducted in the Hospital of the University of Pennsylvania at Philadelphia
and Brigham and Women’s Hospital at Boston, respectively. All patients
involved in these two studies had undergone surgery. Two data sets, called
the PENN data and the MASS data, were collected from these two stud-
ies. The PENN data contain 713 patients and the same pathologist was
involved for all patients from 1989 to 1995. The MASS data contain the in-
formation for a prospective study of 104 patients with prostate cancer and
the treatment took place between August of 1995 and April of 1996. For
illustrative purposes, we consider two clinical categorical response variables
(i.e., Pathological Extracapsular Extension (PECE) and Pathological Posi-
tive Surgical Margins (PPSM)) and three most important predictors, which
are Prostate Specific Antigen (PSA), Clinical Gleason Score (GLEAS), and
Clinical Stage (CLINS). PECE is an ordinal response that takes the values
of “0”, “1” or “2” and defines whether or not cancer has penetrated the
prostatic capsule, where a “0” indicates a negative value which means that
there is no cancer present in or near the capsule at all, a “1” indicates that
the disease extends into but not through the capsule, and a “2” means that
the disease has penetrated through the capsule. PPSM is another ordinal
response having values of “0”, “1” or “2” which distinguishes whether the
cancer has been completely removed or not, where a value of “0” indicates
a negative outcome and “2” indicates a positive outcome while “1” gives
an outcome between “negative” and “positive”. Notice that here “0”, “1”,
and “2” denote levels 1, 2, and 3 in our general notation in Section 2.
In the prostate cancer study, it is important to predict the outcomes of
PECE, PPSM, and PSVI in order to determine whether a prostate can-
cer patient needs to undergo the surgery. See Desjardin (1997) for more
detailed descriptions and discussions.

For patient i, we let Y;; and Y;o denote PECE and PPSM and let z;1,
Tio, T;3, and x4 be an intercept, PSA, GLEAS, and CLINS. Then, both
Y;1 and Yo are ordinal and each of them has three levels. Therefore, J = 2
and L1 = Lo = 3, which implies that there are no unknown cutpoints.
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Since Y;; and Yjo are observed from the same patient, they are naturally
correlated. Furthermore, the MASS study was conducted recently while
the PENN study was done earlier. Therefore, the MASS study naturally
serves as a current study while the PENN study is a historical study. The
sample size of the MASS data is 104, i.e., n = 104, which is relatively small.
In order to perform a more accurate statistical analysis, it is important to
include the available historical information, i.e., the PENN data, into the
analysis.

For illustrative purposes, we consider four SMMVN-link models to fit
the prostate cancer data. These models are the MVP, MVT10 (i.e., MVT
with v = 10), MVL, and MVC (i.e., MVT with v = 1). These models
capture different aspects and features of the SMMVN-link models. For ex-
ample, the MVP and the MVC correspond to the lightest and the heaviest
tails respectively. The MVL model is roughly in the “halfway” between
the MVP and MVC models, while MVT10 model is between the MVP and
MVL models. We implement the MCMC algorithms proposed in Section
4. We take Ky = 3 and Qo_l = 0.00175, where Is is a 2 x 2 identity ma-
trix. To ease computational burden, we standardize all three covariates.
To incorporate the historical information from the PENN study, we choose
dp =6 and (yp = 1 in (3.4) to ensure the propriety of the informative prior
distribution. We check the convergence of the MCMC algorithm using
several diagnostic procedures recommended by Cowles and Carlin (1996)
and after convergence, we find that the autocorrelations among the MCMC
iterations are negligible with respect to their standard deviations at lag 15.

First, we compute the marginal likelihoods for all four models. To ob-
tain simulation-consistent estimates of the marginal likelihoods, the Monte
Carlo sample sizes were taken to be R = 10,000 in all calculations. Fur-
thermore, we use a procedure provided by Chib (1995) to compute the sim-
ulation standard errors for marginal likelihood estimates. The estimated
Inm(D)’s and the corresponding simulation standard errors in parentheses
are —3097.76 (0.86), —2573.19 (0.76), —2111.34 (0.63), and —2393.63 (0.71)
for the MVC, MVL, MVT10, and MVP models, respectively. Surprisingly,
the MVT10 model is the best based on the marginal likelihoods. This find-
ing is interesting as the best model is not one of the most commonly used
models such as MVP and MVL.

Second, using 50,000 MCMC iterates after convergence, we compute
the posterior estimates and 95% highest posterior density (HPD) intervals
for the MVT10 model. To obtain the HPD intervals, we use the newly
developed Monte Carlo methods of Chen and Shao (1999). The results
for the MVT10 model are presented in Table 1. From Table 1, it can
be observed that all 95% HPD intervals except for the one predictor, i.e.,
CLINS, associated with ordinal response PPSM do not contain 0, which
implies that both PSA and GLEAS are statistically significant predictors
for both ordinal responses while CLINS is statistically significant only for
PECE. In addition, the posterior mean, the posterior standard deviation,
and the 95% HPD interval for p12 = o12/y/011022 are 0.741, 0.031, and

(0.678, 0.780) respectively. These results indicate that there is a strong
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correlation between two ordinal responses PECE and PPSM.

Table 1 Bayesian Estimates of the Regression Coefficients.

Posterior 95% HPD
Response Variable Covariates Mean Std. Dev. Intervals
PSA 0.225 0.036 0.153, 0.295

( )
PECE GLEAS  0.148  0.039  (0.072, 0.227)
CLINS 0247 0059  (0.128, 0.360)

PSA 0880 0210  (0.504, 1.309)

( )

( )

PPSM GLEAS  0.432 0.221 0.004, 0.873
CLINS 0.380 0.316 -0.231, 1.014

Finally, we compute Bayesian estimates without using any historical
information, i.e., ag = 0 with probability 1. To preserve space, the detailed
outputs will not be reported here. However, all the posterior standard
deviations for all parameters with ag = 0 are larger than those in Table
1. Therefore, when the sample size of the current study is small, it is
important to incorporate the available historical information into analysis.

7 Concluding Remarks

As discussed in the introduction section, an independent ordinal response
data problem is more difficult to deal with than the independent binary one.
Therefore, intuitively a correlated ordinal response problem should be even
harder. However, when we use a reparameterized SMMVN-link model, the
resulting posterior computation actually becomes easier. More specifically,
the most challenging computational problem for generating a correlation
matrix from its conditional posterior distribution in the Bayesian corre-
lated binary data model disappears. Instead, we require only generating a

variance-covariance matrix from a Wishart dlstrlbutlon for the correlated
ordinal model. In addition, the computational algorithm developed for

computing marginal likelihoods for the correlated ordinal data model is
also more efficient than the one for the correlated binary data model. In
the binary case, a product kernel density estimation is required for esti-
mating the marginal posterior density for the correlation matrix. As shown
in Chen and Shao (1997b), the conditional marginal density estimation is
much more efficient than the kernel estimation in general. Therefore, the
use of the reparameterized SMMVN-link models is advantageous not only
for the posterior estimation but also for the model comparisons. From
Section 3, it is clear that the introduction of latent variables (w and wy)
and mixing variables (A and )\g) makes the posterior computation for a
SMMVN-link model possible.
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