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Summary

First passage time problems are considered for two-dimensional diffusion pro-
cesses (1(t),z2(t)) with infinitesimal variances proportional to %', for i = 1,2.
Conditions are obtained for the problems to be solvable by a particular case of
the method of similarity solutions. Explicit solutions are presented.
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1 Introduction

Lefebvre and Labib (1996) considered the two-dimensional stochastic pro-
cess defined by the system of stochastic differential equations

dxi(t) = fi(zi(t)) dt + dWi(t), (1.1)
for i = 1,2, where Wi (t) and Ws(t) are independent one-dimensional stan-

dard Brownian motion processes. Let M (z1,z9;a) be the moment gener-
ating function of the first passage time

T(z1,z9) :=inf{t > 0: (z1(t),z2(t)) € D|z;(0) = z;,1 = 1,2}, (1.2)
where D C IR?; that is,

M(zy1,zo;a) 1= E[efaT(‘Tl"T?)], (1.3)

where we assume that a is a real, positive parameter. We have used the

notation M (1, z2;a) to indicate that the last argument of the function M

is not really a variable but rather a parameter.

In (1.2), D is a subset of IR? such that the random variable T'(x1, z5)
is well-defined. For instance, the boundary 0D of D could be a straight
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line or a circle; however, D cannot be a single point in IR? because the
probability of hitting a single point in IR? for a two-dimensional diffusion
process is equal to zero.

Next, the moment generating function M (x1,x9;a) satisfies the Kol-
mogorov backward equation

2 (1 & 5
;{Ea—x%M(xth;a)+fz'(:1:z')a—$iM(:c1,x2;a)} = aM(z1,79;a). (1.4)

Lefebvre and Labib solved equation (1.4) by assuming that the function of
two variables M (z1,z9;a) can actually be written as a function of a single

variable
z:= ¢1(71) + P2(22); (1.5)

that is,
M (z1,z9;a) = N(z;a). (1.6)

Assuming also, without loss of generality, that ¢;(z1) and ¢2(z2) do not
contain constant terms, they found that ¢; had to be such that

bi(xi) = axi + Bixi, (1.7)
where o and 3; are constants.

Remarks. 1. By assuming that the function ¢; does not contain a constant
term, we mean that ¢;(z;) can be equal to x; but not to z; + 1, for instance.

2. There is no loss of generality in assuming that ¢; does not contain a
constant term, because if we say that g is a function of y := z + ¢, then it
is also a function of z. Conversely, if a function g depends on z, then we
can also say that it depends on x + ¢ since we can replace z by (z +¢) — ¢
everywhere = appears in g(z).

Finally, Lefebvre and Labib gave a list of problems that could be solved
explicitly by using this special case of the method of similarity solutions (see
Dresner, 1983). Note that all these problems had already been solved by
using other methods or were generalizations of such problems. Hence, the
method of similarity solutions enabled them to retrieve known solutions.

In the present paper, we generalize the system (1.1) by considering the
stochastic differential equations

dai(t) = filwi(t)) dt + (i ()2 aW; (¢), (1.8)

for 1+ = 1,2, where ¢; > 0 and k; are constants. Therefore, we assume
that the infinitesimal variance of the process z;(t) is proportional to xfl (1),
which must hence be non-negative. We consider the case when £; is non-
negative.
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The moment generating function of the random variable T'(z1,x9) (see
(1.3)) then satisfies the Kolmogorov backward equation

(1 4 02 0
Z {Ecixi’@M(acl,a@;a) + fi($i)—M($1,$2;a)} =aM(x1,x9;a).
7

i=1 0z
(1.9)
This equation is valid in D¢, the complement of the stopping region D in
IR?. Moreover, we have the boundary condition

M(zq,29;0) =1 V(z1,79) € OD, (1.10)

where 0D is the boundary of the set D. Finally, if we assume that the
probability P[T(z1,z2) < oo] is strictly positive, then the function M
must satisfy the inequalities

0< M(z1,m9;a) <1 Y(x1,z2) € D°. (1.11)

Indeed, if (z1,z2) € D¢ and P[T(z1,z2) < oo] > 0, then the exponential
e~9T(#1,22) is always in the interval (0,1), and so is its expected value.

Again, our aim is to solve explicitly equation (1.9) by assuming that
M(z1,x9;a) = N(z;a), with z := ¢1(x1) + ¢2(x2). As in Lefebvre and
Labib (1996), we postulate two hypotheses concerning the boundary 9D
in order to obtain real, well-defined two-dimensional problems:

H1: the boundary dD depends explicitly on both z; and z9; that is, 9D
could be the straight line defined by {(z1,z3) € IR? : 1 + x5 = r}, but not
the straight line defined by {(z1,z3) € R? : z; = r}.
H2: the boundary dD consists of a single continuous curve. Therefore, 9D
cannot be a finite or countably infinite set of points.

Note that the hypothesis H1 implies that ¢;(x;) is not constant. Indeed,

the time taken to hit the straight line defined by {(z1,29) € IR? : 2, + 9 =
r}, for instance, must depend on both z; and xz9. Moreover, for simplicity
we assume, as above, that ¢; and ¢y do not contain constant terms (see
the preceding remark). Note also that we could consider what is termed
in the literature “two-boundary problems”, rather than problems with a
boundary 9D consisting of a continuous curve. That is, the continuation
region D¢ could be the region between two parallel lines or between two
concentric circles, etc. Then the boundary 9D would be the union of the
two straight lines or the two circles, etc.

The stochastic processes defined by the stochastic differential equation
(1.8) have many applications. In particular, stochastic processes of this
form have been used in mathematical finance. For instance, the process
defined by

dz(t) = (a + bxz(t))dt + ox'/?(t)dW (t) (1.12)

is called the Cox-Ingersoll-Ross (CIR) model (see Maghsoodi, 1996, for
example). It is also called the square root process. It has been used in
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developing valuation models for interest-rate-sensitive contingent claims.
This model implies that the conditional volatility of changes in z(t) is
proportional to z(t).

Another particular case of importance is the one when

dz(t) = adt + odW (t), (1.13)

which is simply a Brownian motion with drift a. It has been used to derive
a model of discount bond prices. In this case, the volatility of changes in
the variable z(t) is assumed constant. The stochastic differential equation
(1.13) can be generalized to

dz(t) = (a + ba(t))dt + odW (1), (1.14)

and this generalization has been used to derive an equilibrium model of
discount bond prices. Notice that if @ = 0 (and b < 0), then z(¢) is an
Ornstein-Uhlenbeck process.

Finally, the Bessel process is also a special case of (1.8) since it corre-
sponds to the choice

Hai(0) = §— (1.15)
and B}
¢z (t) = o’ (1.16)

In mathematical finance, Bessel processes have been used to evaluate Asian
options (see Geman and Yor (1993) and also Chesney et al. (1993)).

Another application of the stochastic processes defined by (1.8) is in
genetics. Indeed, for instance the author (Lefebvre, 1998) has considered
first passage problems for the diffusion process defined by

dz(t) = pdt + (22(t))2dW (¢), (1.17)

which can be used to study the fluctuations of the number of A-type in-
dividuals in a population consisting of two types (A and a) of individuals,

when they are of the order v/ N, where N is the constant size of the popu-
lation.

Karlin and Taylor (1981, pp. 176-191) give a list of diffusion processes
that can serve as approximations in population genetic models. In addition
to the model above, this list also includes the Ornstein-Uhlenbeck process.

In Section 2, we obtain the formulae that correspond to (1.7); that is,
we compute the admissible functions ¢; in the present problem. Further-
more, we find what functions f; can be used in equation (1.8), once the
admissible functions ¢; are known. Next, in Section 3, particular problems
are considered and solved explicitly (by using the method of similarity so-
lutions) for diffusion processes of the type described above. These first
passage problems have obvious applications in both mathematical finance
and population genetics, among many other possible applications. Finally,
some concluding remarks are made in Section 4.
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2 Theoretical results

Using the representation M (z1,z9;a) = N(¢p1(z1) + ¢p2(z2);a) :== N(z;a),
we find that equation (1.9) is transformed to

2
Z {%Cifl}?i¢22($i)]v”(z;a) + %cmfz#(%) +fi(Ii)¢;($i)}N'(z;a)} N,

=1
(2.1)
where N'(z;a) := £ N(z;a) and N"(z;a) := L5 N(z;a).

_ 2
T dz?
Remark. Remember that a is a parameter, so that N is a function of a

single variable. We could have treated a as a variable and written N(z;a)

as N(z,a); then, we would write %. However, it is more customary to

make use of the former notation.
We will obtain the form that the function ¢; can take. But first we
need the following lemma.

Lemma 2.1 The function N(z;a) cannot be written as
N(z;a) = F(2)G(a) + K(a) for any a > 0. (2.2)

Proof. The proof is essentially the same as in Lefebvre and Labib (1996)
and relies on the fact that the function G(a) must be different from zero
for all @ > 0, for any point (z1,z9) € D¢. Otherwise the function N(z;a)
would not depend on z for some point (z1,2z2) € D¢ and thus we would
deduce from (2.1) that N(z;a) = 0, which is not possible. Similarly if the
function F(z) is constant. [

The main theoretical result of this paper now follows.

Proposition 2.1 Let (z1(t),z2(t)) be the two dimensional stochastic pro-
cess defined by (1.8) and

T(z1,22) = 1inf{t > 0: ¢1(z1(t)) + d2(z2(t)) = K|z;(0) = z4,7 = 1,%%,3)
where K s a constant and we assume that the second derivative (ﬁ;’({L‘Z)
exists and the deriwative ¢i(z;) # 0 for i = 1,2, V(z1,22) € D°. That is,
the subset D of IR? is defined by

D = {(v1,72) € R*: ¢1(71) + d2(72) < K (respectively > K )}
if p1(21(0)) + d2(22(0)) > K (resp. < K)).

et M(z1,z9;a) be the moment generating function (defined in (1.3))
of the first passage time T(x1,x9). Then a necessary condition for the
representation

M (z1,29;a) = N(¢1(21) + ¢2(22); a) := N(2;a) (2.4)
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to be wvalid, all of the functions N(z;a), N'(z;a) and N"(z;a) being differ-
entiable with respect to the parameter a, is that

b; ks d; (ks .
and b
¢i(z;) = ZZ In?(z;) + di In(z;) if ki = 2, (2.6)

where b; and d; are constants, for i = 1,2. Furthermore, we must have

Clbl = CQbQ. (27)

Proof. See Lefebvre and Labib (1996). Since T'(z1,z2) (which we could
write as T'(z1,z2; K)) must increase if the stochastic process ¢ (z1(t)) +
@2 (z2(t)) moves away from K, we deduce that N(z;a) is strictly decreasing
as z increases (if z > K) or as z decreases (if z < K). It follows that

N'(z;a) < 0Vz> K (or z < K). Hence we can rewrite equation (2.1) as

{%Ci$fi¢;2($i)H(Z; a) + (%cixfi@’(xi) + fi(xi)qé;(xi))} — L(za),
(2.8)

=1

where "(zsa)
N"(z;a
H(z,a) = m and L(Z,a) =

aN(z;a)

SIPTE (2.9)

Next, differentiating both sides of equation (2.8) with respect to a, we
obtain that

1 : ki 112 9 0
3 E cix;' by (xi)%H(z;a) = %L(z;a). (2.10)
i=1

We must have %H(z;a) # 0 for all a > 0. Indeed, if %H(z;a) = 0 for
some a > 0, then we can show that

N(z;a) = F(2)G(a) + K(a) (2.11)

for this a, which contradicts Lemma 2.1. Therefore we deduce that
1 &
> S ek g w) = o(2) (212)
i=1

where the function o(z) can be a constant.
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Now, equation (2.12) implies that

82
8:131 8:122 o

(2) =0 < 0" (2)P (1) Py(x2) =0 V(z1,22) € D°.  (2.13)

Since we cannot have ¢(z;) = 0 (because ¢;(z;) cannot be a constant), we
set o'’ (z) = 0, so that

0(z) =012+ 00 (01 and og constants). (2.14)
That is, ,
3l df ) = o) e o0 @19
It follows that
%czxflqﬁ?(xz) = 01¢;(x;) + constant for i = 1, 2. (2.16)

Remembering that we assumed that the functions ¢;(-) do not contain
constant terms, we may write that

20 Y d; (ks .
1 1 (3
and -
pi(zi) = i ?(z;) + din(z;) if k; =2, (2.18)
where d; is a constant, for i = 1,2. U]

Remark. With ¢; = ¢co = 1 and k; = k9 = 0, as in Lefebvre and Labib
(1996), we retrieve the formula

¢i(zi) = az} + Bii, (2.19)

where a and ; are constants.
The next result gives us the functions f; that can be used in (1.8).

Corollary 2.1 For our special case of the method of similarity solutions to
enable us to solve the problems considered in this note, a second necessary
condition is that the function f; that appears in (1.8) be such that

1
¢i (i)

where py and e; are constants, and we assume that ¢i(x;) # 0 V(z1,z2) €
D¢, fori=1,2.

filz;) = <N1¢i(xi) - %Cz‘wf%?(%) + ez'), (2.20)
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Proof. Using equation (2.12), equation (2.1) becomes

z)N"(z;a) + Z{ il (x;) —i—fi(a:i)@(xi)}N'(z;a) =aN(z;a).

(2.21)
Because N'(z;a) < 0Vz > K (or 2z < K), we deduce that
2 (1
> {Geba ) + fi)dia) b = uio) 2:22)
i=1
As in the proof of Proposition 2.1, we have
A p(z) = p" ()¢ (z1)d5(z2) =0 V(z1,22) € D° (2.23)
89518332 ’ ’

so that u”(z) = 0; that is,

w(z) = prz+po = p1(p1(z1)+da(ze))+pmo (1 and pg constants). (2.24)

Substituting this into equation (2.22), we deduce that f;(z;) is indeed such

as in (2.20). [
Remark. Again, Lefebvre and Labib (1996) took ¢; = ¢o = 1 and k; =
ko = 0. Using these values in (2.20), together with the formula ¢;(z;) =
az? + Bizi, we find that
i(w1) = gy (milas? + i)+ (2.25)
i(T) = ——— ar; i) + € ), .
2az? + B i

where ¢; is a constant, for i = 1, 2.

Now, in Lefebvre and Labib (1996) it is stated that we must have either
a#0and f; = 2 =0o0r a =0 and 162 # 0. This implies that the
function f;(z;) must be of the form f;(z;) = m;, m;z;, or m;/x;, where m;
is a constant. These results are in fact valid if we assume that f;(z;) is
proportional to a power of x;, which is certainly the most important case
in practice. This hypothesis was implicit in Lefebvre and Labib (1996).
However, we see here that f;(z;) is not necessarily of this form. There are
some particular cases of the formula (2.25) which lead to interesting prob-
lems. We present such a particular case in Section 3. We also present two
other problems which are special cases of the general problem considered
in this note and that are solved explicitly. As far as we know, these three
problems have no known solutions yet.
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3 Particular cases

I) The first particular case that we consider is the one where

dzi(t) = —Ba;(t) dt + g‘x—_(t; dt + dW;(t) (3.1)

for 1+ = 1,2, where 8 (> 0) and a; (> 0) are constants. Note that if
we take f = 0 in (3.1), then z;(¢) is a Bessel process (see Karlin and
Taylor, 1981, p. 175), whereas if we choose a; = ag = 1, then z;(¢) is an
Ornstein-Uhlenbeck process. The process (z1(t), z2(t)) defined by (3.1) is
thus a generalization of two cases treated in Lefebvre and Labib (1996) and
which have known solutions. We take

T(zy,z9) = inf{t > 0: 23(t) + 23(t) = r?|z;(0) = z4,i = 1,2}.  (3.2)

That is, ¢;(z;(t)) = z?(t) and K = r?. Furthermore, we assume that
a:% + x% < r2. Therefore, T (z1,xz9) is the time it takes the two-dimensional
stochastic process (z1(t), z2(t)) to hit the circle defined by

OD = {(z1,22) € R?: 22 4 22 = r?}, (3.3)

starting inside the circle.

This problem could be interpreted as that of finding the distribution of
the time it takes the sum of the (squared) sizes of two populations, or the
sum of the (squared) prices of bonds, to reach a certain level.

The moment generating function M (z1, z9; a) := E[e*T(#1:72)] satisfies
the Kolmogorov backward equation

2 2
10 a—1\ 8
;{%_ng(%maH(—ﬁm 5z, )8—%M(3:1,:1:2,a)} =aM. (3.4)

We try a solution of the form M (zy,z9;a) = N(z;a), with z := 22 + 3.
Then equation (3.4) becomes

2zN"(z;a) + (=282 + (a1 + a2))N'(z;a) = aN(z; a). (3.5)

We will solve explicitly the previous equation in the special case when 5 = 1
and a; = ag = 3/2. With these choices, we have the following lemma.

Lemma 3.1 The stochastic process x(t) defined by the stochastic differen-
tial equation

do(t) = —o(t) dt + ﬁ(t) dt + AW (1) (3.6)

has an inaccessible boundary at the origin.
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Proof. This result can be proved by using the formulae in Kannan (1979,
p. 279), for instance. U]

Remark. Lemma 3.1 implies that if z; > 0 and x5 > 0, then the two-
dimensional process (z1(¢), z2(t)) cannot leave the first quadrant.

The equation that we must solve is
2zN"(z;a) + (3 — 22)N'(z;a) = aN(z;a). (3.7)
Its general solution is found to be
N(z;a) =r1 U(a/2,3/2,2) + 9 1F1(a/2,3/2,2), (3.8)

where r; is a constant for s = 1,2, and U(+,-,-) and 1 Fy(-,-,-) are confluent
hypergeometric functions (see Abramowitz and Stegun, 1965, p. 504).

Now, equation (3.8) contains two arbitrary constants and we have only
one boundary condition, namely

N(r%a) = 1. (3.9)

But, using the fact that the function U(a/2,3/2, z) diverges as z decreases
to zero (see Abramowitz and Stegun, 1965, p. 508), we deduce that we must
set 71 equal to zero in (3.8); otherwise, the condition 0 < M (z1,z9;a) < 1
V(x1,29) € D¢ (see (1.11)) will not be fulfilled. Then, making use of the
boundary condition (3.9), we obtain that

Fi(a/2,3/2, 2
N(za) = llFll((a //2’3 //Z’TQ)) (3.10)

for 0 < z < r2,

Remark. The function | Fj(a,b,z) is sometimes denoted by M (a,b, z),
in Abramowitz and Stegun (1965, p. 504), in particular. However, here
we have already used the (standard) notation M (z1,z9;a) in (1.3) for the
moment generating function of the random variable T'(x1,x3). Therefore,
it is better to use the notation 1 F(a, b, z) to avoid possible confusion.

Proposition 3.1 The moment generating function of the random variable
T(x1,22) defined in (3.2) is given by

1Fy (a/27 3/21 $% + x%)

M La) =
($1a$2aa) 1F1(a/2,3/2,r2)

(3.11)

or all couples (x1,x2) such that x; > 0 for i =1,2 and z? + 23 < r2.
1 2



Lefebvre: Hitting parabolas and exponential curves with diffusion processes 79

Proof. All that remains to do is to make sure that the solution that we
have obtained, by using the method of similarity solutions as above, is
really the one that we were looking for. Now, we have (see Abramowitz
and Stegun, 1965, p. 504)

P[T(z1,z2) < o0] = li\{gM(xl,xQ;a) =1 (3.12)
a

It follows that there is a unique solution to equation (3.4), subject to the
appropriate boundary condition. Hence, the solution that we have obtained
is indeed the moment generating function of the random variable T'(z1, z3).

(]

Another application of the problem that we have solved is in statistical
quality control. Indeed, assume that a company is producing objects that
possess two characteristics, z1(¢) and zo(t), that vary in time (approxi-
mately) according to the stochastic differential equations (3.1). Assume
also that, ideally, the values of z1(¢) and z4(t) should be zero. Then the
random variable T'(z1, x9) represents the time that elapses before the joint
deviation from the optimal value of (z1(¢), z2(t)) (as measured by the dis-
tance from (z1(t), z2(t)) to the origin) reaches a given threshold r2, a level
at which it is necessary to stop the production and make some adjustments.
So, we would be interested in knowing how long will the production con-
tinue before it must be stopped, when the current value of x;(t) is x; for
1=1,2.

As mentioned previously, this first example is an (original) extension
of the work presented in Lefebvre and Labib (1996), obtained by assuming
that the functions f;(z;) are not necessarily proportional to powers of ;.
This example is less important than the ones listed in Lefebvre and Labib
(1996), but it can certainly be used in some applications. The second and
third examples that we present are, on the other hand, completely new first
passage time problems which involve the time it takes to hit a parabola
and an exponential curve, respectively.

IT) We consider the stochastic process (z1(t), z2(t)) defined by the system
of stochastic differential equations

dl‘l (t)

(%)1/2 AW (t), (3.13)
dry(t) = pdt+ (2z9(t))"/2 dWs(t), (3.14)

where p > 1 is a constant. Note that the origin is an inaccessible boundary
for the zy(t) process (see Lefebvre, 1998), whereas z;(t) is a Brownian
motion process with infinitesimal mean 0 and infinitesimal variance 1/2.

We let

T(x1,z9) = inf{t > 0: 23 (t) + zo(t) = r (> 0)|2;(0) = 24,4 = 1,2}.
(3.15)
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That is, this time ¢1(z1(t)) = 22(t), ¢a(x2(t)) = z2(t) and K = r. Fur-
thermore, we assume that xo > 0 and x% 4+ xzo <.

As in the case of the first example presented in this section, this problem
has an obvious interpretation in mathematical finance and in population
genetics since x1(t) and x2(t) can both represent the size of a population
and () is a special case of the CIR model used in mathematical finance.

Another application of the model is in hydrology. Indeed, diffusion
processes have recently been used with success to model the flow of rivers
and catchment basins (see Labib et al., 2000). Assume, here, that the flow
of a certain river at time ¢ is obtained by adding the quantities 2%(¢) and
72(t) as defined above. For instance, 22(t) and x5(t) can be the contribution
to the flow of the river from its two tributaries. Then, T'(z1, z2) is the time
it takes the river flow to reach a level at which there could be a significant
risk of flooding, so that actions must be taken to prevent it.

The partial differential equation that we have to solve is now

1 92 0?2 0
Za—x%M(wl’xQ;G)+x2 a—aC%M(a:l,a:g;a)+,u a—mM(xl,xg;a) =aM. (3.16)

We write that M (z1,z9;a) = N(z;a), with z := 22 4+ 5. Then, we find
that
zN"(z;a) + (u + 1/2)N'(z;a) = aN(z; a), (3.17)

the general solution of which being
N(z;a) = 21212 ) <T1Il/2u(2\/az) + 7’2K1/2#(2\/az)>, (3.18)

where I,,(-) and K, (-) are modified Bessel functions (see Abramowitz and
Stegun, 1965, p. 374).
Let us choose u = 3/2. Then, we have

N(za) = 2 /2 (7«111(2\/&) + rgKl(z\/&)), (3.19)
which can be rewritten as
N(za) = 2~ /2 (ml@\/a) + mﬁ(%/&)) (3.20)

(see Abramowitz and Stegun, 1965, p. 375).

As in the previous example, the fact that K;(z) diverges as z | 0 implies
that we must set 9 equal to zero (otherwise (1.11) will be violated), which,
together with the boundary condition

N(rja) =1, (3.21)
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yields that

N(z;a) = <C> I/QM for0 <z <. (3.22)

z)  Li(2Var)

Note that (see Abramowitz and Stegun, 1965, p. 375)

) ) r 1/2\/&
P[T(z1,z2) < o00] = lalﬁ]lN(z,a) = Eﬁ)l (;) N 1, (3.23)

so that the solution to our problem is unique. Hence, we have now proved
the following proposition.

Proposition 3.2 The moment generating function of the random variable
T(x1,22) defined in (3.15) is given by

() O
] + T2

M(zy,z950) = I (2y/ar)

(3.24)
for xg > 0,:5%4—:1:2 <r.

Note that the continuation region in this problem (and in example I
as well) is a bounded subset of IR%. Tt is defined by the area between the
r1-axis and the parabola z? + 75 = r (> 0). Note also that if we define
y1(t) = x2(t), then y; (¢) is a diffusion process with infinitesimal parameters
1/2 and 2y;(t) (see Karlin and Taylor, 1981, p. 173). Hence, z3(t) is
actually the special case of the zo(t) process when p = 1/2. Therefore,
72(t) and zo(t) are processes of the same type, that is, processes with
similar infinitesimal parameters, in the example above.

ITT) Finally, we consider the stochastic process (z1(t),z2(t)) defined by

dzi(t) = 223(¢)dt + (223@)/2 dW. (1), (3.25)
dzo(t) = zo(t)dt + (223(£))"/% dWs(t). (3.26)

In this case, the process xs(t) is a geometric Brownian motion (see Karlin
and Taylor, 1981, p. 175). Because this process can be represented as the
exponential of a Brownian motion process, it has an inaccessible boundary
at the origin.

Next, we choose

T(x1,z9) = inf{t > 0: z5(t) = exp[r — z; ' (#)]|z;(0) = z;,i = 1,2}.
(3.27)
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Thus, we take ¢1(z1(t)) = 1/x1(t), Pp2(z2(t)) = In(z2(t)) and K = r. We
assume that z; > 0 for i = 1,2 and that In(z9) + xfl < r. It follows that
the continuation region D¢ is defined by the area, in the first quadrant,
between the z-axis and the exponential curve 5 = exp[r — z7']. This
example is a purely mathematical one; however, it is interesting because
the boundary of the stopping region is an exponential curve.

To solve the Kolmogorov backward equation

, 02 0? 0 0
xla M+a:2(9 M+2x181M+x28—$2M—aM (3.28)
where M = M (1, z9;a), we write that M (x1,z9;a) = N(z;a), with
= In(z9) + 27" (3.29)

We find that equation (3.28) is transformed to the very simple ordinary
differential equation
2N"(z;a) = aN(z;a). (3.30)

As is well known, this last equation has the general solution

N(z;a) = riexp {\/%z} + roexp {—\/m,z .

Now, it is easy to check that the variable z = In(zy) 4+ z; ' varies from
—o0 to r in the continuation region D¢ It follows that we must set o
equal to zero in (3.31). Finally, because N(r;a) = 1, we obtain that

N(z;a) = exp {\/a/2(z - r)} for z <. (3.32)
It is also a simple matter to check that
P[T(z1,z2) < o0] = li\{BlN(z;a) =1, (3.33)
a

(3.31)

which guarantees the uniqueness of the solution (although the continua-
tion region D¢ is not bounded in this example) and allows us to state the
following proposition.

Proposition 3.3 The moment generating function of the random variable
T(xz1,22) defined in (3.27) is given by

Va/2(@" + In(as) — ) (3.34)

forzi >0,i=1,2, and z7' + In(zy) < 7.

M(x1,x9;a) = exp

As mentioned above, this third particular case was purely mathemat-
ical; it was presented to illustrate the usefulness of the results proved in
Section 2. However, there are many other problems that can be solved
explicitly by using Proposition 2.1 and Corollary 2.1.
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4 Conclusion

In this note, we have generalized the work presented in Lefebvre and Labib
(1996) by considering the case of not necessarily constant infinitesimal
variances. This generalization is important because, as we have seen, the
results proved in the present note enabled us to obtain explicit solutions to
new first passage time problems in two dimensions, whereas Lefebvre and
Labib only retrieve known solutions to classic problems. We also extended
the theoretical results contained in Lefebvre and Labib (1996) by accepting
that the function f; in (1.8) can be any function for which z;(¢) is a well-
defined stochastic process, instead of assuming that f;(z;) is proportional to
a power of z; (as should have been explicitly stated in Lefebvre and Labib,
1996). In Corollary 2.1, we obtained the functions f; that are admissible
in our problem. In Section 3, we presented three particular problems that
we were able to solve explicitly. Example II seems particularly interesting
to us, because it gives the solution to a significant problem, namely that
of finding the time it takes a relatively important two-dimensional diffu-
sion process to hit a parabola, which is a “natural” boundary to consider.
Furthermore, this example is only one of numerous problems that can be
solved by using the method of similarity solutions.

Finally, as mentioned in Lefebvre and Labib (1996), a possible sequel to
the present work could be to try to apply the method of similarity solutions
to problems in other coordinate systems, for example in polar coordinates.
Also, other special cases of this method than the one used here could be
tried.
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