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aSummaryFirst passage time problems are 
onsidered for two-dimensional di�usion pro-
esses (x1(t); x2(t)) with in�nitesimal varian
es proportional to xkii , for i = 1; 2.Conditions are obtained for the problems to be solvable by a parti
ular 
ase ofthe method of similarity solutions. Expli
it solutions are presented.Key Words: Hitting time; Kolmogorov equation; similarity solutions.1 Introdu
tionLefebvre and Labib (1996) 
onsidered the two-dimensional sto
hasti
 pro-
ess de�ned by the system of sto
hasti
 di�erential equationsdxi(t) = fi(xi(t)) dt + dWi(t); (1.1)for i = 1; 2, where W1(t) and W2(t) are independent one-dimensional stan-dard Brownian motion pro
esses. Let M(x1; x2; a) be the moment gener-ating fun
tion of the �rst passage timeT (x1; x2) := infft � 0 : (x1(t); x2(t)) 2 Djxi(0) = xi; i = 1; 2g; (1.2)where D � IR2; that is,M(x1; x2; a) := E[e�aT (x1;x2)℄; (1.3)where we assume that a is a real, positive parameter. We have used thenotation M(x1; x2; a) to indi
ate that the last argument of the fun
tion Mis not really a variable but rather a parameter.In (1.2), D is a subset of IR2 su
h that the random variable T (x1; x2)is well-de�ned. For instan
e, the boundary �D of D 
ould be a straight69
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s, 15, 2001line or a 
ir
le; however, D 
annot be a single point in IR2 be
ause theprobability of hitting a single point in IR2 for a two-dimensional di�usionpro
ess is equal to zero.Next, the moment generating fun
tion M(x1; x2; a) satis�es the Kol-mogorov ba
kward equation2Xi=1�12 �2�x2i M(x1; x2; a) + fi(xi) ��xiM(x1; x2; a)� = aM(x1; x2; a): (1.4)Lefebvre and Labib solved equation (1.4) by assuming that the fun
tion oftwo variables M(x1; x2; a) 
an a
tually be written as a fun
tion of a singlevariable z := �1(x1) + �2(x2); (1.5)that is, M(x1; x2; a) = N(z; a): (1.6)Assuming also, without loss of generality, that �1(x1) and �2(x2) do not
ontain 
onstant terms, they found that �i had to be su
h that�i(xi) = �x2i + �ixi; (1.7)where � and �i are 
onstants.Remarks. 1. By assuming that the fun
tion �i does not 
ontain a 
onstantterm, we mean that �i(xi) 
an be equal to xi but not to xi+1, for instan
e.2. There is no loss of generality in assuming that �i does not 
ontain a
onstant term, be
ause if we say that g is a fun
tion of y := x+ 
, then itis also a fun
tion of x. Conversely, if a fun
tion g depends on x, then we
an also say that it depends on x+ 
 sin
e we 
an repla
e x by (x+ 
)� 
everywhere x appears in g(x).Finally, Lefebvre and Labib gave a list of problems that 
ould be solvedexpli
itly by using this spe
ial 
ase of the method of similarity solutions (seeDresner, 1983). Note that all these problems had already been solved byusing other methods or were generalizations of su
h problems. Hen
e, themethod of similarity solutions enabled them to retrieve known solutions.In the present paper, we generalize the system (1.1) by 
onsidering thesto
hasti
 di�erential equationsdxi(t) = fi(xi(t)) dt+ (
ixkii (t))1=2dWi(t); (1.8)for i = 1; 2, where 
i > 0 and ki are 
onstants. Therefore, we assumethat the in�nitesimal varian
e of the pro
ess xi(t) is proportional to xkii (t),whi
h must hen
e be non-negative. We 
onsider the 
ase when ki is non-negative.
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urves with di�usion pro
esses 71The moment generating fun
tion of the random variable T (x1; x2) (see(1.3)) then satis�es the Kolmogorov ba
kward equation2Xi=1�12
ixkii �2�x2i M(x1; x2; a) + fi(xi) ��xiM(x1; x2; a)� = aM(x1; x2; a):(1.9)This equation is valid in D
, the 
omplement of the stopping region D inIR2. Moreover, we have the boundary 
onditionM(x1; x2; a) = 1 8(x1; x2) 2 �D; (1.10)where �D is the boundary of the set D. Finally, if we assume that theprobability P [T (x1; x2) < 1℄ is stri
tly positive, then the fun
tion Mmust satisfy the inequalities0 < M(x1; x2; a) < 1 8(x1; x2) 2 D
: (1.11)Indeed, if (x1; x2) 2 D
 and P [T (x1; x2) < 1℄ > 0, then the exponentiale�aT (x1;x2) is always in the interval (0; 1), and so is its expe
ted value.Again, our aim is to solve expli
itly equation (1.9) by assuming thatM(x1; x2; a) = N(z; a), with z := �1(x1) + �2(x2). As in Lefebvre andLabib (1996), we postulate two hypotheses 
on
erning the boundary �Din order to obtain real, well-de�ned two-dimensional problems:H1: the boundary �D depends expli
itly on both x1 and x2; that is, �D
ould be the straight line de�ned by f(x1; x2) 2 IR2 : x1+x2 = rg, but notthe straight line de�ned by f(x1; x2) 2 IR2 : x1 = rg.H2: the boundary �D 
onsists of a single 
ontinuous 
urve. Therefore, �D
annot be a �nite or 
ountably in�nite set of points.Note that the hypothesis H1 implies that �i(xi) is not 
onstant. Indeed,the time taken to hit the straight line de�ned by f(x1; x2) 2 IR2 : x1+x2 =rg, for instan
e, must depend on both x1 and x2. Moreover, for simpli
itywe assume, as above, that �1 and �2 do not 
ontain 
onstant terms (seethe pre
eding remark). Note also that we 
ould 
onsider what is termedin the literature \two-boundary problems", rather than problems with aboundary �D 
onsisting of a 
ontinuous 
urve. That is, the 
ontinuationregion D
 
ould be the region between two parallel lines or between two
on
entri
 
ir
les, et
. Then the boundary �D would be the union of thetwo straight lines or the two 
ir
les, et
.The sto
hasti
 pro
esses de�ned by the sto
hasti
 di�erential equation(1.8) have many appli
ations. In parti
ular, sto
hasti
 pro
esses of thisform have been used in mathemati
al �nan
e. For instan
e, the pro
essde�ned by dx(t) = (a+ bx(t))dt+ �x1=2(t)dW (t) (1.12)is 
alled the Cox-Ingersoll-Ross (CIR) model (see Maghsoodi, 1996, forexample). It is also 
alled the square root pro
ess. It has been used in
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s, 15, 2001developing valuation models for interest-rate-sensitive 
ontingent 
laims.This model implies that the 
onditional volatility of 
hanges in x(t) isproportional to x(t).Another parti
ular 
ase of importan
e is the one whendx(t) = adt+ �dW (t); (1.13)whi
h is simply a Brownian motion with drift a. It has been used to derivea model of dis
ount bond pri
es. In this 
ase, the volatility of 
hanges inthe variable x(t) is assumed 
onstant. The sto
hasti
 di�erential equation(1.13) 
an be generalized todx(t) = (a+ bx(t))dt+ �dW (t); (1.14)and this generalization has been used to derive an equilibrium model ofdis
ount bond pri
es. Noti
e that if a = 0 (and b < 0), then x(t) is anOrnstein-Uhlenbe
k pro
ess.Finally, the Bessel pro
ess is also a spe
ial 
ase of (1.8) sin
e it 
orre-sponds to the 
hoi
e fi(xi(t)) = �� 12xi(t) (1.15)and 
ixkii (t) � �2: (1.16)In mathemati
al �nan
e, Bessel pro
esses have been used to evaluate Asianoptions (see Geman and Yor (1993) and also Chesney et al. (1993)).Another appli
ation of the sto
hasti
 pro
esses de�ned by (1.8) is ingeneti
s. Indeed, for instan
e the author (Lefebvre, 1998) has 
onsidered�rst passage problems for the di�usion pro
ess de�ned bydx(t) = �dt+ (2x(t))1=2dW (t); (1.17)whi
h 
an be used to study the 
u
tuations of the number of A-type in-dividuals in a population 
onsisting of two types (A and a) of individuals,when they are of the order pN , where N is the 
onstant size of the popu-lation.Karlin and Taylor (1981, pp. 176-191) give a list of di�usion pro
essesthat 
an serve as approximations in population geneti
 models. In additionto the model above, this list also in
ludes the Ornstein-Uhlenbe
k pro
ess.In Se
tion 2, we obtain the formulae that 
orrespond to (1.7); that is,we 
ompute the admissible fun
tions �i in the present problem. Further-more, we �nd what fun
tions fi 
an be used in equation (1.8), on
e theadmissible fun
tions �i are known. Next, in Se
tion 3, parti
ular problemsare 
onsidered and solved expli
itly (by using the method of similarity so-lutions) for di�usion pro
esses of the type des
ribed above. These �rstpassage problems have obvious appli
ations in both mathemati
al �nan
eand population geneti
s, among many other possible appli
ations. Finally,some 
on
luding remarks are made in Se
tion 4.
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esses 732 Theoreti
al resultsUsing the representation M(x1; x2; a) = N(�1(x1) + �2(x2); a) := N(z; a),we �nd that equation (1.9) is transformed to2Xi=1�12
ixkii �02i (xi)N 00(z; a) + �12
ixkii �00i (xi) + fi(xi)�0i(xi)�N 0(z; a)� = aN;(2.1)where N 0(z; a) := ddzN(z; a) and N 00(z; a) := d2dz2N(z; a).Remark. Remember that a is a parameter, so that N is a fun
tion of asingle variable. We 
ould have treated a as a variable and written N(z; a)as N(z; a); then, we would write ��z . However, it is more 
ustomary tomake use of the former notation.We will obtain the form that the fun
tion �i 
an take. But �rst weneed the following lemma.Lemma 2.1 The fun
tion N(z; a) 
annot be written asN(z; a) = F (z)G(a) +K(a) for any a > 0: (2.2)Proof. The proof is essentially the same as in Lefebvre and Labib (1996)and relies on the fa
t that the fun
tion G(a) must be di�erent from zerofor all a > 0, for any point (x1; x2) 2 D
. Otherwise the fun
tion N(z; a)would not depend on z for some point (x1; x2) 2 D
, and thus we woulddedu
e from (2.1) that N(z; a) = 0, whi
h is not possible. Similarly if thefun
tion F (z) is 
onstant.The main theoreti
al result of this paper now follows.Proposition 2.1 Let (x1(t); x2(t)) be the two dimensional sto
hasti
 pro-
ess de�ned by (1.8) andT (x1; x2) := infft � 0 : �1(x1(t)) + �2(x2(t)) = Kjxi(0) = xi; i = 1; 2g;(2.3)where K is a 
onstant and we assume that the se
ond derivative �00i (xi)exists and the derivative �0i(xi) 6= 0 for i = 1; 2, 8(x1; x2) 2 D
. That is,the subset D of IR2 is de�ned byD = f(x1; x2) 2 IR2 : �1(x1) + �2(x2) < K (respe
tively > K)gif �1(x1(0)) + �2(x2(0)) > K (resp. < K).Let M(x1; x2; a) be the moment generating fun
tion (de�ned in (1.3))of the �rst passage time T (x1; x2). Then a ne
essary 
ondition for therepresentationM(x1; x2; a) = N(�1(x1) + �2(x2); a) := N(z; a) (2.4)
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s, 15, 2001to be valid, all of the fun
tions N(z; a); N 0(z; a) and N 00(z; a) being di�er-entiable with respe
t to the parameter a, is that�i(xi) = bi(2� ki)2x2�kii + di2� kix1�(ki=2)i if ki 6= 2 (2.5)and �i(xi) = bi4 ln2(xi) + di ln(xi) if ki = 2; (2.6)where bi and di are 
onstants, for i = 1; 2. Furthermore, we must have
1b1 = 
2b2: (2.7)Proof. See Lefebvre and Labib (1996). Sin
e T (x1; x2) (whi
h we 
ouldwrite as T (x1; x2;K)) must in
rease if the sto
hasti
 pro
ess �1(x1(t)) +�2(x2(t)) moves away from K, we dedu
e that N(z; a) is stri
tly de
reasingas z in
reases (if z � K) or as z de
reases (if z � K). It follows thatN 0(z; a) < 0 8z > K (or z < K). Hen
e we 
an rewrite equation (2.1) as2Xi=1�12
ixkii �02i (xi)H(z; a) + �12
ixkii �00i (xi) + fi(xi)�0i(xi)�� = L(z; a);(2.8)where H(z; a) := N 00(z; a)N 0(z; a) and L(z; a) := aN(z; a)N 0(z; a) : (2.9)Next, di�erentiating both sides of equation (2.8) with respe
t to a, weobtain that 12 2Xi=1 
ixkii �02i (xi) ��aH(z; a) = ��aL(z; a): (2.10)We must have ��aH(z; a) 6= 0 for all a > 0. Indeed, if ��aH(z; a) = 0 forsome a > 0, then we 
an show thatN(z; a) = F (z)G(a) +K(a) (2.11)for this a, whi
h 
ontradi
ts Lemma 2.1. Therefore we dedu
e that12 2Xi=1 
ixkii �02i (xi) = �(z); (2.12)where the fun
tion �(z) 
an be a 
onstant.
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urves with di�usion pro
esses 75Now, equation (2.12) implies that�2�x1�x2�(z) = 0() �00(z)�01(x1)�02(x2) = 0 8(x1; x2) 2 D
: (2.13)Sin
e we 
annot have �0i(xi) � 0 (be
ause �i(xi) 
annot be a 
onstant), weset �00(z) � 0, so that�(z) = �1z + �0 (�1 and �0 
onstants): (2.14)That is, 12 2Xi=1 
ixkii �02i (xi) = �1(�1(x1) + �2(x2)) + �0: (2.15)It follows that12
ixkii �02i (xi) = �1�i(xi) + 
onstant for i = 1; 2: (2.16)Remembering that we assumed that the fun
tions �i(�) do not 
ontain
onstant terms, we may write that�i(xi) = 2�1
i(2� ki)2x2�kii + di2� kix1�(ki=2)i if ki 6= 2 (2.17)and �i(xi) = �12
i ln2(xi) + di ln(xi) if ki = 2; (2.18)where di is a 
onstant, for i = 1; 2.Remark. With 
1 = 
2 = 1 and k1 = k2 = 0, as in Lefebvre and Labib(1996), we retrieve the formula�i(xi) = �x2i + �ixi; (2.19)where � and �i are 
onstants.The next result gives us the fun
tions fi that 
an be used in (1.8).Corollary 2.1 For our spe
ial 
ase of the method of similarity solutions toenable us to solve the problems 
onsidered in this note, a se
ond ne
essary
ondition is that the fun
tion fi that appears in (1.8) be su
h thatfi(xi) = 1�0i(xi)��1�i(xi)� 12
ixkii �00i (xi) + ei�; (2.20)where �1 and ei are 
onstants, and we assume that �0i(xi) 6= 0 8(x1; x2) 2D
, for i = 1; 2.
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s, 15, 2001Proof. Using equation (2.12), equation (2.1) be
omes�(z)N 00(z; a) + 2Xi=1�12
ixkii �00i (xi) + fi(xi)�0i(xi)�N 0(z; a) = aN(z; a):(2.21)Be
ause N 0(z; a) < 0 8z > K (or z < K), we dedu
e that2Xi=1�12
ixkii �00i (xi) + fi(xi)�0i(xi)� = �(z): (2.22)As in the proof of Proposition 2.1, we have�2�x1�x2�(z) = �00(z)�01(x1)�02(x2) = 0 8(x1; x2) 2 D
; (2.23)so that �00(z) � 0; that is,�(z) = �1z+�0 = �1(�1(x1)+�2(x2))+�0 (�1 and �0 
onstants): (2.24)Substituting this into equation (2.22), we dedu
e that fi(xi) is indeed su
has in (2.20).Remark. Again, Lefebvre and Labib (1996) took 
1 = 
2 = 1 and k1 =k2 = 0. Using these values in (2.20), together with the formula �i(xi) =�x2i + �ixi, we �nd thatfi(xi) = 12�x2i + �i��1(�x2i + �ixi) + �i�; (2.25)where �i is a 
onstant, for i = 1; 2.Now, in Lefebvre and Labib (1996) it is stated that we must have either� 6= 0 and �1 = �2 = 0 or � = 0 and �1�2 6= 0. This implies that thefun
tion fi(xi) must be of the form fi(xi) = mi, mixi, or mi=xi, where miis a 
onstant. These results are in fa
t valid if we assume that fi(xi) isproportional to a power of xi, whi
h is 
ertainly the most important 
asein pra
ti
e. This hypothesis was impli
it in Lefebvre and Labib (1996).However, we see here that fi(xi) is not ne
essarily of this form. There aresome parti
ular 
ases of the formula (2.25) whi
h lead to interesting prob-lems. We present su
h a parti
ular 
ase in Se
tion 3. We also present twoother problems whi
h are spe
ial 
ases of the general problem 
onsideredin this note and that are solved expli
itly. As far as we know, these threeproblems have no known solutions yet.
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esses 773 Parti
ular 
asesI) The �rst parti
ular 
ase that we 
onsider is the one wheredxi(t) = ��xi(t) dt+ �i � 12xi(t) dt+ dWi(t) (3.1)for i = 1; 2, where � (> 0) and �i (� 0) are 
onstants. Note that ifwe take � = 0 in (3.1), then xi(t) is a Bessel pro
ess (see Karlin andTaylor, 1981, p. 175), whereas if we 
hoose �1 = �2 = 1, then xi(t) is anOrnstein-Uhlenbe
k pro
ess. The pro
ess (x1(t); x2(t)) de�ned by (3.1) isthus a generalization of two 
ases treated in Lefebvre and Labib (1996) andwhi
h have known solutions. We takeT (x1; x2) := infft � 0 : x21(t) + x22(t) = r2jxi(0) = xi; i = 1; 2g: (3.2)That is, �i(xi(t)) = x2i (t) and K = r2. Furthermore, we assume thatx21+x22 � r2. Therefore, T (x1; x2) is the time it takes the two-dimensionalsto
hasti
 pro
ess (x1(t); x2(t)) to hit the 
ir
le de�ned by�D = f(x1; x2) 2 IR2 : x21 + x22 = r2g; (3.3)starting inside the 
ir
le.This problem 
ould be interpreted as that of �nding the distribution ofthe time it takes the sum of the (squared) sizes of two populations, or thesum of the (squared) pri
es of bonds, to rea
h a 
ertain level.The moment generating fun
tionM(x1; x2; a) := E[e�aT (x1;x2)℄ satis�esthe Kolmogorov ba
kward equation2Xi=1 �12 �2�x2i M(x1; x2; a)+���xi+�i � 12xi � ��xiM(x1; x2; a)� = aM: (3.4)We try a solution of the form M(x1; x2; a) = N(z; a), with z := x21 + x22.Then equation (3.4) be
omes2zN 00(z; a) + (�2�z + (�1 + �2))N 0(z; a) = aN(z; a): (3.5)We will solve expli
itly the previous equation in the spe
ial 
ase when � = 1and �1 = �2 = 3=2. With these 
hoi
es, we have the following lemma.Lemma 3.1 The sto
hasti
 pro
ess x(t) de�ned by the sto
hasti
 di�eren-tial equation dx(t) = �x(t) dt+ 14x(t) dt+ dW (t) (3.6)has an ina

essible boundary at the origin.



78 Brazilian Journal of Probability and Statisti
s, 15, 2001Proof. This result 
an be proved by using the formulae in Kannan (1979,p. 279), for instan
e.Remark. Lemma 3.1 implies that if x1 > 0 and x2 > 0, then the two-dimensional pro
ess (x1(t); x2(t)) 
annot leave the �rst quadrant.The equation that we must solve is2zN 00(z; a) + (3� 2z)N 0(z; a) = aN(z; a): (3.7)Its general solution is found to beN(z; a) = r1 U(a=2; 3=2; z) + r2 1F1(a=2; 3=2; z); (3.8)where ri is a 
onstant for i = 1; 2, and U(�; �; �) and 1F1(�; �; �) are 
on
uenthypergeometri
 fun
tions (see Abramowitz and Stegun, 1965, p. 504).Now, equation (3.8) 
ontains two arbitrary 
onstants and we have onlyone boundary 
ondition, namelyN(r2; a) = 1: (3.9)But, using the fa
t that the fun
tion U(a=2; 3=2; z) diverges as z de
reasesto zero (see Abramowitz and Stegun, 1965, p. 508), we dedu
e that we mustset r1 equal to zero in (3.8); otherwise, the 
ondition 0 < M(x1; x2; a) < 18(x1; x2) 2 D
 (see (1.11)) will not be ful�lled. Then, making use of theboundary 
ondition (3.9), we obtain thatN(z; a) = 1F1(a=2; 3=2; z)1F1(a=2; 3=2; r2) (3.10)for 0 < z � r2.Remark. The fun
tion 1F1(a; b; z) is sometimes denoted by M(a; b; z),in Abramowitz and Stegun (1965, p. 504), in parti
ular. However, herewe have already used the (standard) notation M(x1; x2; a) in (1.3) for themoment generating fun
tion of the random variable T (x1; x2). Therefore,it is better to use the notation 1F1(a; b; z) to avoid possible 
onfusion.Proposition 3.1 The moment generating fun
tion of the random variableT (x1; x2) de�ned in (3.2) is given byM(x1; x2; a) = 1F1(a=2; 3=2; x21 + x22)1F1(a=2; 3=2; r2) (3.11)for all 
ouples (x1; x2) su
h that xi > 0 for i = 1; 2 and x21 + x22 � r2.
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urves with di�usion pro
esses 79Proof. All that remains to do is to make sure that the solution that wehave obtained, by using the method of similarity solutions as above, isreally the one that we were looking for. Now, we have (see Abramowitzand Stegun, 1965, p. 504)P [T (x1; x2) <1℄ = lima#0 M(x1; x2; a) = 1: (3.12)It follows that there is a unique solution to equation (3.4), subje
t to theappropriate boundary 
ondition. Hen
e, the solution that we have obtainedis indeed the moment generating fun
tion of the random variable T (x1; x2).Another appli
ation of the problem that we have solved is in statisti
alquality 
ontrol. Indeed, assume that a 
ompany is produ
ing obje
ts thatpossess two 
hara
teristi
s, x1(t) and x2(t), that vary in time (approxi-mately) a

ording to the sto
hasti
 di�erential equations (3.1). Assumealso that, ideally, the values of x1(t) and x2(t) should be zero. Then therandom variable T (x1; x2) represents the time that elapses before the jointdeviation from the optimal value of (x1(t); x2(t)) (as measured by the dis-tan
e from (x1(t); x2(t)) to the origin) rea
hes a given threshold r2, a levelat whi
h it is ne
essary to stop the produ
tion and make some adjustments.So, we would be interested in knowing how long will the produ
tion 
on-tinue before it must be stopped, when the 
urrent value of xi(t) is xi fori = 1; 2.As mentioned previously, this �rst example is an (original) extensionof the work presented in Lefebvre and Labib (1996), obtained by assumingthat the fun
tions fi(xi) are not ne
essarily proportional to powers of xi.This example is less important than the ones listed in Lefebvre and Labib(1996), but it 
an 
ertainly be used in some appli
ations. The se
ond andthird examples that we present are, on the other hand, 
ompletely new �rstpassage time problems whi
h involve the time it takes to hit a parabolaand an exponential 
urve, respe
tively.II) We 
onsider the sto
hasti
 pro
ess (x1(t); x2(t)) de�ned by the systemof sto
hasti
 di�erential equationsdx1(t) = (12)1=2 dW1(t); (3.13)dx2(t) = �dt+ (2x2(t))1=2 dW2(t); (3.14)where � � 1 is a 
onstant. Note that the origin is an ina

essible boundaryfor the x2(t) pro
ess (see Lefebvre, 1998), whereas x1(t) is a Brownianmotion pro
ess with in�nitesimal mean 0 and in�nitesimal varian
e 1/2.We letT (x1; x2) := infft � 0 : x21(t) + x2(t) = r (> 0)jxi(0) = xi; i = 1; 2g:(3.15)



80 Brazilian Journal of Probability and Statisti
s, 15, 2001That is, this time �1(x1(t)) = x21(t), �2(x2(t)) = x2(t) and K = r. Fur-thermore, we assume that x2 > 0 and x21 + x2 � r.As in the 
ase of the �rst example presented in this se
tion, this problemhas an obvious interpretation in mathemati
al �nan
e and in populationgeneti
s sin
e x1(t) and x2(t) 
an both represent the size of a populationand x2(t) is a spe
ial 
ase of the CIR model used in mathemati
al �nan
e.Another appli
ation of the model is in hydrology. Indeed, di�usionpro
esses have re
ently been used with su

ess to model the 
ow of riversand 
at
hment basins (see Labib et al., 2000). Assume, here, that the 
owof a 
ertain river at time t is obtained by adding the quantities x21(t) andx2(t) as de�ned above. For instan
e, x21(t) and x2(t) 
an be the 
ontributionto the 
ow of the river from its two tributaries. Then, T (x1; x2) is the timeit takes the river 
ow to rea
h a level at whi
h there 
ould be a signi�
antrisk of 
ooding, so that a
tions must be taken to prevent it.The partial di�erential equation that we have to solve is now14 �2�x21M(x1; x2; a)+x2 �2�x22M(x1; x2; a)+� ��x2M(x1; x2; a) = aM: (3.16)We write that M(x1; x2; a) = N(z; a), with z := x21 + x2. Then, we �ndthat zN 00(z; a) + (�+ 1=2)N 0(z; a) = aN(z; a); (3.17)the general solution of whi
h beingN(z; a) = z1=2(1=2��)�r1I1=2��(2paz) + r2K1=2��(2paz)�; (3.18)where I�(�) and K�(�) are modi�ed Bessel fun
tions (see Abramowitz andStegun, 1965, p. 374).Let us 
hoose � = 3=2. Then, we haveN(z; a) = z�1=2�r1I�1(2paz) + r2K�1(2paz)�; (3.19)whi
h 
an be rewritten asN(z; a) = z�1=2�r1I1(2paz) + r2K1(2paz)� (3.20)(see Abramowitz and Stegun, 1965, p. 375).As in the previous example, the fa
t thatK1(z) diverges as z # 0 impliesthat we must set r2 equal to zero (otherwise (1.11) will be violated), whi
h,together with the boundary 
onditionN(r; a) = 1; (3.21)
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urves with di�usion pro
esses 81yields that N(z; a) = �rz�1=2 I1(2paz)I1(2par) for 0 < z � r: (3.22)Note that (see Abramowitz and Stegun, 1965, p. 375)P [T (x1; x2) <1℄ = lima#0 N(z; a) = lima#0 �rz�1=2pazpar = 1; (3.23)so that the solution to our problem is unique. Hen
e, we have now provedthe following proposition.Proposition 3.2 The moment generating fun
tion of the random variableT (x1; x2) de�ned in (3.15) is given byM(x1; x2; a) = � rx21 + x2�I1�2qa(x21 + x2)�I1(2par) (3.24)for x2 > 0; x21 + x2 � r.Note that the 
ontinuation region in this problem (and in example Ias well) is a bounded subset of IR2. It is de�ned by the area between thex1-axis and the parabola x21 + x2 = r (> 0). Note also that if we de�ney1(t) = x21(t), then y1(t) is a di�usion pro
ess with in�nitesimal parameters1/2 and 2y1(t) (see Karlin and Taylor, 1981, p. 173). Hen
e, x21(t) isa
tually the spe
ial 
ase of the x2(t) pro
ess when � = 1/2. Therefore,x21(t) and x2(t) are pro
esses of the same type, that is, pro
esses withsimilar in�nitesimal parameters, in the example above.III) Finally, we 
onsider the sto
hasti
 pro
ess (x1(t); x2(t)) de�ned bydx1(t) = 2x31(t) dt+ (2x41(t))1=2 dW1(t); (3.25)dx2(t) = x2(t) dt+ (2x22(t))1=2 dW2(t): (3.26)In this 
ase, the pro
ess x2(t) is a geometri
 Brownian motion (see Karlinand Taylor, 1981, p. 175). Be
ause this pro
ess 
an be represented as theexponential of a Brownian motion pro
ess, it has an ina

essible boundaryat the origin.Next, we 
hooseT (x1; x2) := infft � 0 : x2(t) = exp[r � x�11 (t)℄jxi(0) = xi; i = 1; 2g:(3.27)



82 Brazilian Journal of Probability and Statisti
s, 15, 2001Thus, we take �1(x1(t)) = 1=x1(t), �2(x2(t)) = ln(x2(t)) and K = r. Weassume that xi > 0 for i = 1; 2 and that ln(x2) + x�11 � r. It follows thatthe 
ontinuation region D
 is de�ned by the area, in the �rst quadrant,between the x-axis and the exponential 
urve x2 = exp[r � x�11 ℄. Thisexample is a purely mathemati
al one; however, it is interesting be
ausethe boundary of the stopping region is an exponential 
urve.To solve the Kolmogorov ba
kward equationx41 �2�x21M + x22 �2�x22M + 2x31 ��x1M + x2 ��x2M = aM; (3.28)where M =M(x1; x2; a), we write that M(x1; x2; a) = N(z; a), withz := ln(x2) + x�11 : (3.29)We �nd that equation (3.28) is transformed to the very simple ordinarydi�erential equation 2N 00(z; a) = aN(z; a): (3.30)As is well known, this last equation has the general solutionN(z; a) = r1 exp �qa=2 z�+ r2 exp ��qa=2 z�: (3.31)Now, it is easy to 
he
k that the variable z = ln(x2) + x�11 varies from�1 to r in the 
ontinuation region D
. It follows that we must set r2equal to zero in (3.31). Finally, be
ause N(r; a) = 1, we obtain thatN(z; a) = exp �qa=2(z � r)� for z � r: (3.32)It is also a simple matter to 
he
k thatP [T (x1; x2) <1℄ = lima#0 N(z; a) = 1; (3.33)whi
h guarantees the uniqueness of the solution (although the 
ontinua-tion region D
 is not bounded in this example) and allows us to state thefollowing proposition.Proposition 3.3 The moment generating fun
tion of the random variableT (x1; x2) de�ned in (3.27) is given byM(x1; x2; a) = exp �qa=2(x�11 + ln(x2)� r)� (3.34)for xi > 0, i = 1; 2, and x�11 + ln(x2) � r.As mentioned above, this third parti
ular 
ase was purely mathemat-i
al; it was presented to illustrate the usefulness of the results proved inSe
tion 2. However, there are many other problems that 
an be solvedexpli
itly by using Proposition 2.1 and Corollary 2.1.
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urves with di�usion pro
esses 834 Con
lusionIn this note, we have generalized the work presented in Lefebvre and Labib(1996) by 
onsidering the 
ase of not ne
essarily 
onstant in�nitesimalvarian
es. This generalization is important be
ause, as we have seen, theresults proved in the present note enabled us to obtain expli
it solutions tonew �rst passage time problems in two dimensions, whereas Lefebvre andLabib only retrieve known solutions to 
lassi
 problems. We also extendedthe theoreti
al results 
ontained in Lefebvre and Labib (1996) by a

eptingthat the fun
tion fi in (1.8) 
an be any fun
tion for whi
h xi(t) is a well-de�ned sto
hasti
 pro
ess, instead of assuming that fi(xi) is proportional toa power of xi (as should have been expli
itly stated in Lefebvre and Labib,1996). In Corollary 2.1, we obtained the fun
tions fi that are admissiblein our problem. In Se
tion 3, we presented three parti
ular problems thatwe were able to solve expli
itly. Example II seems parti
ularly interestingto us, be
ause it gives the solution to a signi�
ant problem, namely thatof �nding the time it takes a relatively important two-dimensional di�u-sion pro
ess to hit a parabola, whi
h is a \natural" boundary to 
onsider.Furthermore, this example is only one of numerous problems that 
an besolved by using the method of similarity solutions.Finally, as mentioned in Lefebvre and Labib (1996), a possible sequel tothe present work 
ould be to try to apply the method of similarity solutionsto problems in other 
oordinate systems, for example in polar 
oordinates.Also, other spe
ial 
ases of this method than the one used here 
ould betried.A
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