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Summary

An important generalization of the proportional hazards model is the stratified
model arising when the data for some specified reason are divided into strata.
The stratified model is used in situations where an important covariate or covari-
ates do not satisfy the proportional hazards assumption. This paper presents a
simulation study showing the impact on the maximum partial likelihood estima-
tors when the strata are misspecified or an unstratified analysis is performed in
a nonproportional hazards situation. The results of this simulation show that in
general there is a large bias in the estimate of the regression parameter for the
covariate associated with the nonproportionality when stratification points are
misspecified in the stratified analysis. Also the estimate of this parameter in the
unstratified analysis has a large bias when the stratified analysis is the correct
procedure. These results suggest the necessity of guidelines for the division of
the data into strata when there is an indication in favor of the stratified analysis.
A criterion is proposed as guideline for such division.

Key words: Cox model, model misspecification, stratification criterion, strati-
fied model.

1 Introduction

In the past years, special attention has been given to the proportional
hazards model proposed by Cox (1972). This model provides a flexible
method for exploring the association of covariates with failure rates and
for studying the effect of a covariate of interest, such as treatment, while
adjusting for other covariates. It also allows for time-dependent covariates.

The most popular form of the proportional hazards model, for covari-
ates not dependent on time, uses the exponential form for the relative
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hazard, so that the hazard function is given by

A(t) = Mo(t)eap(8'2) (L1)

where A\o(t), the baseline hazard function, is an unknown non-negative
function of time, Z is the covariate vector and (3 is a p-vector of parameters
to be estimated.

Estimation of 3 is based on the partial (Cox, 1975) or marginal (Kalb-
fleisch and Prentice, 1973) loglikelihood which in the absence of ties is
written for the model (1.1) as

z": (&' (8" Z;) — log( Z exp(ﬂth))) (1.2)

i=1 JjER;

where R; = {k|t; > t;} is the risk set at time ¢; and ¢; is the failure
indicator.
A basic assumption of the model (1.1) is the proportional hazards prop-

erty. That is, the ratio A?(¢)/M (t) does not depend on ¢ for the i*" and j*
(i # j) individuals at risk at time ¢. In other words, the baseline hazard
function A\g(¢) and the parametric portion exp(5tZ) of the model act in a
multiplicative fashion on the hazard. Model (1.1) also assumes an expo-
nential form for the relative hazard and that no important covariates are
excluded from this parametric portion of the model.

Efforts have been made to develop useful goodness-of-fit techniques.
These goodness-of-fit techniques include graphical techniques (Kay, 1977;
Schoenfeld, 1982; Arjas, 1988; Barlow and Prentice, 1988; Grambsch and
Therneau, 1994; Hess, 1995) and goodness-of-fit tests (Schoenfeld, 1980;
Andersen, 1982; Wei, 1984; Moreau, O’Quigley and Mesbah, 1985; O’Qui-
gley and Pessione, 1989; Horowitz and Neumann, 1992; Klein and Moes-
cheberger, 1997). Almost all of these techniques are designed to check the
proportional hazards assumption.

When the proportional hazards model is inappropriate for a particular
survival data set, a reasonable alternative is to use the stratified propor-
tional hazards model. The main use of the stratified model occurs when
the proportional hazards assumption is violated overall but holds within
strata. Also in other situations of modeling assumption violations a strat-
ified model might be useful. For instance, when the parametric portion of
the model assumes different forms in different time periods.

A stratified analysis consists of splitting the data into k strata accord-
ing to an indication of modeling assumption violation. The proportional
hazards model (1.1) is then expressed for the i*" stratum as

Ai(t) = Ao, (t)ewp(B'Z)

for i = 1,...,k. The baseline hazards functions Ao, ,...,\q,, are allowed to
be arbitrary and are completely unrelated.
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Stratification does not provide any difficulty in the estimation of 3. A
partial loglikelihood (1.2) is constructed for each stratum and the estima-
tion of [ is based on the sum of these partial loglikelihoods (Kalbfleisch
and Prentice, 1980). A simple way to split the survival time data set into
strata is to consider the different levels of a categorical covariate. Each
level defines a stratum. In this way this covariate is naturally excluded
from the parametric form of the model. However, continuous covariates
provide an extra difficulty in the stratified analysis.

Stratifying a model according to a continuous covariate implies possible
inclusion of a parameter term for this covariate. Otherwise information
would be lost since the observations within each stratum have different
values for this covariate. This is not an issue when the stratification is
done according to a categorical covariate. Also, and more important, there
are no guidelines in the literature for the division into strata.

In this paper the effect of stratum misspecification on the estimates of
the regressor parameters is studied, and a criteria is proposed as guideline
for the division of the survival data set into strata. In Section 2, the
impact on the maximum partial likelihood estimators is studied if strata are
misspecified or an unstratified analysis is done when a stratified analysis is
the correct procedure. The criterion presented in Section 3 is based on the
expression of the likelihood ratio test when the proportional hazards model
is approximated by a fully parametric model. The criterion performance
is evaluated in Section 4 and applied to the well known Stanford heart
transplant data in Section 5. Some remarks are made in Section 6 about
using the proposed criterion in situations different from those examined in
the previous sections.

2 Bias study

Consider a survival time study including two covariates, say Z; and Zs.
Suppose that Zs is a continuous covariate with support on the interval [0, 1]
such that

Tt lexp(B1 21 + BoZy) ife< Zy <1 '
for p > 0 and 0 < ¢ < 1. That is, the survival time 7" has an exponential
distribution with parameter exp(f1 21 + $272) if 0 < Z3 < ¢ and a Weibull
distribution with parameters p and [exp(31Z1 + B2Z2)/p]Y/? if ¢ < Zy < 1.

A question of interest is related to the properties of the maximum
partial likelihood estimators when the fitted model is misspecified. In par-
ticular, the effect of fitting an unstratified model or a stratified model with
misspecified strata when the model (2.1) is the correct one.

Struthers and Kalbfleisch (1986) showed for a general situation of model

misspecification that B for the proportional hazards model, converges in
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probability to a well-defined constant vector 3*. The expression for 5* is
difficult to derive and takes a very complicated form in the situation of
interest in this study.

This study is developed via a Monte Carlo simulation. Sample of sizes
40 and 80 and two values of p are considered. Using p = 2 the Weibull
portion of the model (2.1) has a distribution with increasing hazard func-
tion and for p = 0.5 the hazard is decreasing. For each generated sample,
stratified proportional hazards models are fitted using different stratifica-
tion points. The stratification points are points in the support of Zy and
each one divides the survival data set into two strata. Different correlation
structures are used for the covariates Z; and Zs

Independent random samples of 7' under the model (2.1) and U, a
censoring time with a uniform distribution on (0,6), are generated and
the lifetime min(7T,U) and failure indicator § = Iyp 7y are recorded. A

censoring fraction of 25% is achieved in this study by controlling the value
of the parameter #. The covariate Zs has a uniform distribution on the
interval (0,1).

The way the data are generated, the stratification point Zs = c is the
correct value to split the data into two strata. Table 1 illustrates some
consequences of the wrong choice of a stratification point when ¢ = 0.5,
Z71 has a Bernoulli distribution with parameter 0.5, and Z; and Zy are

independent. In this study, the bias in 51 and 62 is estimated over 5000
repetitions of this process and the true values of the parameters are 01 =
B2 = 1. The simulation standard error for the bias estimate is below 0.02
in all cases.

Table 1 shows the bias of the parameter estimates using different strat-
ification points. There is a very large bias in the estimates of 5o when the
wrong stratification points are used in the stratified analyses. Also, in the

unstratified analysis 02 has a large bias. In general, the bias increases for
stratification points further from the correct one.

The coefficient (s is underestimated for p = 2 and overestimated for p =
0.5 when the stratified analysis is misspecified and when the unstratified
analysis is used. On the other hand, estimates of (3; are reasonably close
to the true value for all analyses. The same conclusions were obtained
by Monte Carlo simulations using as the correct stratification point values
different from 0.5.

Similar conclusions for the estimates of o are obtained when Z; is a
continuous covariate generated from a uniform (0,1) and Z; and Z, are
correlated. These results are not presented in the paper but it is available
upon request. The bias for the estimate of 3y it is very small when com-

pared to the bias associated to 32. There is an indication that the 31 is
more biased for the sample of size 40 than for the sample of size 80.
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Table 1
Bias of the estimated coefficients. Z1 has a Bernoulli distribution which
1s independent of Zs.

Sample  Stratif. p=2 p=0.5
Size Point Bl Bg 31 32

unstrat. —0.025 —1.586 0.103 2.150
0.1 —0.028 —1.563 0.094 2.145
0.2 —0.039 —1.485 0.088 1.914
0.3 —0.032 —1.095 0.092 1.512

n=40 0.4 0.020 —0.922 0.134 0.513
0.5 0.085 0.074 0.078 0.081
0.6 —0.026 —1.479 0.113 1.788
0.7 —0.035 —2.168 0.172 3.401
0.8 0.009 —2.237 0.131 3.468
0.9 —0.064 —2.012 0.121  3.030
unstrat. 0.062 —1.774 —0.067 2.463
0.1 0.046 —1.960 —0.055 2.534
0.2 0.062 —2.004 —0.092 2.472
0.3 0.051 —1.885 —0.101 2.307

n=80 0.4 0.047 —-0.914 —-0.116 1.505
0.5 0.032 0.034 0.030 0.030
0.6 0.040 —1.570 —0.091 2.072
0.7 0.040 —-1.981 —0.057 3.136
0.8 0.096 —2.097 —0.108 3.265
0.9 0.083 —1.956 —0.078 2.887

3 A criterion for model stratification

Consider the following situation of nonproportional hazards

_ ) o (t) exp(BiZy + BoeZs) if Zo <c
A(t) = { o, (t) exp(B1 21 + BoZs) if Zy > ¢ (3.1)

where Zs is the continuous covariate of interest, c is a known constant that
belongs to the support of Zs and A, (t) # Ao, (t) for some ¢ € [0, 00).

The interest here is to derive a criterion in order to find the correct
stratification point c¢. The criterion proposed approximates the baseline
hazard function in model (1.1) by a step function. This is the approach
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considered by Andersen (1982) and Barbosa, Colosimo and Louzada-Neto
(1996) in different contexts. Even though this parametric approach does
not have the flexibility of the proportional hazards model, some applied
studies described in the literature have obtained similar values for the es-
timates of the parameter of interest § when both models are used. See
Selmer (1990) for a study comparing these two models. On the other hand,
the parameters in the parametric model are estimated by simple maximum
likelihood techniques.

Consider a survival time data set with p > 1 covariates including a
continuous covariate Z. Let k be the number of strata arising when the
observations are grouped according to Z, (—o0,¢1),[c1,¢2), ..., [Ck—1,00)
and C = {c1,...,ci_1}, the finite set of stratification points. Consider also
m prespecified time intervals, [0,b1),...,[bn—1,00). The baseline hazard
function A\og(t) is approximated in each stratum by Ao, (¢), i = 1,2,...,k,
that is constant in each of the intervals [bj_1,b;), 7 = 1,...,m, where by = 0
and b, = oo. Therefore mk additional parameters A = (A1, ..., \pi)t are
introduced in the model by taking Ao, () = A;; when ¢ € [b;_1,b;).

Let ;5 be the Ith observed survival time in the jth time interval and in

the i*" stratum defined by Z. Correspondlngly consider Zzyl’ the p-vector
of covariates and ¢;j;, the failure indicator, i = 1,...,k,j = 1,...,m, and
I=1,...,n.

It is appropriate at this point to make a reparametrization in order to
express the hkehhood for § and X in a more convenient form. Consider for
any value ¢® on the support of Z,

Xij = Aij+y, t=1,...,c0; j=1,...,m;
>\ij = >‘kj+77ija i=co+1,....k j=1,...,m;
where v¢1; = 0 and ng; = 0 for j = 1,...,m and cg :maaz{c/:cl € C and

¢ < %} is the considered stratification point.
The expression of the loglikelihood for G, A, ¥ and 7 has the following
form

k m
(B, A, m) szm log( A1j -I-T/Jw + Z Zdw log( Ak +77w)
i=1j=1 i=co+1 j=1
k. m MNij co m m Mo
D DD 6B Zign) = DD Ay + i) DD exp(B Ziot) Siol
i=1j=11=1 i=1 j=1 o=11=1
k m m Mo
ST kg +ni) DD eap(B Zio)) Siolj
i=co+1j=1 o=11=1

where d;; is the number of failures in the ith stratum and time interval
[bj—1,bj) and Sj,; denotes the time that observation (4,0,l) spent in the
time interval [b;_1,b;).
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The observed information matrix Z(3, A,1,n) can be viewed as a par-
titioned matrix

| Ly I8 Am
1(57)‘71/}777) - l Iﬁ,)\ﬂl}m Iﬁ,)\ :

It is interesting to observe that the largest component of this matrix, Iy, ,,
is a diagonal matrix. This property of Z(8, A, ¢, n) simplifies future com-
putations.

The interest here is to derive a criterion to search for the correct strat-
ification point when (3.1) is the correct model. Even though there is no
interest in a hypothesis test, this criterion is easier to understand using the
well known terminology of tests.

Consider the following hypothesis

Ho(co) =0, i=2,...,¢0 ;j=1,...,m and
T]Z'j:O, i=co+1,....k—1 ;5=1,...,m. (32)

The continuous covariate Z, initially defines £ > 2 strata in the con-
sidered partition. Now for a given ¢ in the support of Z,, the hypothesis
Hy(c") says that just 2 strata arise when the observations are grouped
according to Zs.

The expression of the likelihood ratio test for a given ¥ in the support

of Z2 L N
Q(") = =2[1(Xo; Bo, co) — LA, B, ¢, )] (3.3)

where \g and [y are the estimates of A and 8 under Hy, is a natural statistic
to be used as a criterion in searching for the best stratification point.
Under Hy and for the correct stratification ¢, Q(c) converges to a chi-
square distribution with m(k—2) degrees of freedom, under some regularity
conditions (see Cox and Hinkley (1974), Chapter 9). Even though there is
no interest here in the expression of () as a test statistic, the result above
gives information to establish a decision criterion. That is, to pick ¥ in

the support of Z; such that Q(c°) is minimum. However, since Z(X, B, TZJ\, n),
the loglikelihood evaluated at the unrestricted estimates, does not depend
on °, an equivalent criterion that is simpler in its form is

pick c® in the support of Z, such that l(xg, BO, cp) is maximum.

The number of strata k does not need to be specified in order to use

the criterion, so that (g, 30, co) can be exchanged by [(\g, 5o, c”) in the
criterion above. This is a nice feature of this criterion, since being more
precise in the decision taken means a large number of values in the support
of Z5 to be considered by the criterion. In the extreme, by considering ¢
equal to each distinct value of the support of Z5, a maximum likelihood
estimate of the stratification point for a two strata model is obtained. For
each fixed c?, the number of parameters to be estimated is always the same
and equal to 2m + p.
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4 Criterion performance

The proposed criterion is applied in some situations under the model (2.1).
The results are based on a Monte Carlo simulation using 1000 repetitions.
Ten strata are considered according to the division of the data into the set
of stratification points C = {0.1,...,0.9} defined by the covariate Zs. The
time axis is divided into two intervals for the application of the criterion.
In all situations considered below the median of the failure times T for a
typical sample is chosen as the time split. All repetitions that include an
empty stratum are removed from the simulation.

Table 2 shows the percentage of correct decisions based on the proposed
criterion for the situation presented in Table 1 and for Z; generated from
a uniform (0,1). Z; and Zy are generated with correlations 0, 0.5 and 0.8.
The results in Table 2 show that the performance of the proposed criterion
is reasonably good for the designs used in the simulation. The percentage
of correct decisions is over 50% for the sample of size 80 and over 70%
for the sample of size 120 for all designs and values of p. The results are
better for p = 0.5 than p = 2 and for the designs where Z; and Zy are
independent than correlated. There is a small reduction of the percentage
of the correct decision as the correlation of Z; and Z; increases in both
sample sizes and values of p.

Table 2

Percentage of correct decision for the proposed criterion.
Design Sample Percentage of Correct Decision

Size p=2 p=20.5

Z1 binary 80 81.6 88.0
71,75 indep. 120 922 97.0
Z7 contin. 80 69.6 89.7
Z1,75 indep. 120 78.9 92.3
Z7 contin. 80 56.4 68.3
corr (Z1,Z2) = 0.5 120 76.0 84.8
77 contin. 80 50.8 71.3
corr (Z1,75) = 0.8 120 828 91.2

The overall bias due to the use of the criterion or any criterion in
general, may be measured by

B = Z P(c; is chosen) B; (4.1)
ieC
where B; is the bias associated with using stratification point ¢;. The

values of B; are obtained from the simulations in Section 2 and the values
of P(c; is chosen) from the simulations in this section.
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The overall bias B using the proposed criterion and the bias using the
unstratified analysis for the estimate 3y are shown in Table 3 for samples
of size 80. The values in this table show a great improvement in using the
proposed criterion and fitting the stratified proportional hazards model
since they are much smaller than the bias associated with the unstratified
model.

Table 3
Bias in (o using the unstratified analysis and the proposed criterion.

Design Bias in (B using :
Unstratified Analysis Proposed Criterion
p=2 p=0.5 p=2 p=0.5

Z1 binary -1.774 2.463 -0.627 0.436
Z1,%5 indep.

Z1 contin. -1.669 2.241 -0.416 0.286
Zl,ZQ indep.

Z contin. -1.633 2.296 -0.583 0.845
corr (Z1,Z3) = 0.5

7 contin. -1.712 3.133 -0.699 0.698

corr (Zy,7Z2) = 0.8

5 Real data set

The Stanford Heart Transplant data set (Crowley and Hu, 1977) has been
used as an illustration for several techniques in survival analysis. One
question of interest is related to the fit of the covariate waiting time to
transplant in the proportional hazards model when age, mismatch score
and previous surgery are also used as covariates.

Arjas (1988) studying this data set considered two strata based on an
arbitrary split of the covariate waiting time to transplant (up to 20 days

and larger than 20 days). Based on the plot logA(t) vs ¢t and also on the
plot proposed by his paper, he concluded that the proportional hazards
assumption did not hold for these strata.

As an illustration of the criterion presented in the previous sections,
it is applied to the Stanford heart transplant data set. Six strata defined
by the covariate waiting time to transplant are initially considered as C =
{10, 20, 30,40,60}. For the application of the parametric criterion, two
time intervals are defined by the median of the failure times (63 days).

Table 4 shows the values of the conditional expected number of failures
given the history until up time ¢ (Schoenfeld, 1980) and the respective
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observed number of failures for each of the six strata. As one can notice
the largest difference between expected and observed number of failures in
this table occurs for the stratum defined by [10,20) days. For the other
strata the differences are relatively small. Table 5 shows the loglikelihood
values under the specified stratification points for the application of the
proposed criterion. The criterion picks 20 days as the best stratification
point among those considered in the partition.

Table 4
Ezxpected and observed mumber of failures for six strata defined by the
covariate waiting time to transplant.

Stratum Expec. Value Observ. Value

[0,10) 11.40 12
(10, 20) 5.39 9
20, 30) 7.34 5
30, 40) 7.42 6
[40, 60) 6.26 5
> 60 3.19 5

Table 5
Loglikelihood values under the specified stratification points for the ap-
plication of the proposed criterion.

Stratif. Points (8o, Ao, co)

10 —280.86
20 —278.59
30 —280.90
40 —280.75
60 —279.61

The proposed criterion is flexible in the sense that any other stratifi-
cation point can be included in the decision rule without being explicitly
in the partition. Other stratification points have been considered, such as
5, 15, 25 and 35 days, but the stratification point 20 days is still the best
selection according to the criterion.

6 Discussion

A criterion was proposed as guideline for the division of the data into
strata in a situation of nonproportional hazards. The main features of the
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proposed criterion is : (i) it approximates the baseline hazard function by
a step function; (ii) it uses an expression derived from the likelihood ratio
test as a criterion to find the best stratification point; and (iii) it does not
require specification of the total number of strata in the general partition
for its derivation.

In a situation such as was examined in Section 3, where there are two
covariates and one stratification point, it was showed that the criterion
has a nice performance. The criterion can be easily extended for other
situations of interest. It can be used in the way it was proposed for sit-
uations with more than two covariates provided just one covariate defines
the stratification.

The situation of most interest is the one with more than one stratifica-
tion point. For instance, with two stratification points (three strata), say
c1 and ¢y, and two covariates, the stratified model is specified by

)\01 (t)ea;p(ﬁlzl + 6222) if 29 < C1
)\(t) = /\02 (t)e:z:p(ﬁlzl + /3222) if e < 29 <eo
Aos (t)exp(Brz1 + Baze) if 2o > co

for ¢; < ¢o both on the support of z5. Considering k possible stratification
points of interest in the set C, there will be ( ]; ) possible combinations of

stratification points to be included in the decision rule of the parametric
criterion and the criterion expression is still the same.

An extension of the model (3.1), where the effect of one covariate varies
freely between strata, such as

At) = Ao, (t)exp(ﬁlzl + foz2) if 2o <c
| Aoy (t)exp(B3zr 4 Bazo) if 20 > ¢

where By # (3. This information can be included in the derivation of
the criterion. The likelihood can be modified to incorporate this extra
information and the remainder of the derivations follow in the same way
as in Section 3.

A last question that concerns the application of the criterion must be
discussed. What happens if the proportional hazards model is correct and
a stratified model chosen by the criterion is fitted? If the unstratified model
is correct it implies that any stratified model is also correct. However, it is
expected that some loss of efficiency in the estimation of § will occur when
stratification is used unnecessarily.

For instance, under the conditions of Table 1 and considering A(t) =
tP~texp(P1Z1 + BoZ3) as the correct model, there is no additional bias
in the estimates of the parameters when a stratified model is fitted. It
means that the overall bias measure B defined in Section 5 is approximately
zero for the unstratified as well as for any stratified model. However, the
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simulation standard deviations that estimate the standard errors of the
estimated coefficients are smaller under the unstratified model than any
stratified model. In a simulation with 5000 repetitions, sample of size 80
and two values for p (2 and 0.5) the simulation standard deviations for ;
and (s in the unstratified model are 0.287 and 0.523 respectively and for
a stratified model are around 0.291 and 0.884 respectively for p = 0.5. For
p = 2.0, the simulation standard deviations for 51 and 62 are 0.302 and
0.539 respectlvely for the unstratified model and around 0.309 and 0.849
respectively for a stratified model. These values are an indication that this
loss of efficiency is not very mild. Therefore a careful analysis must be
done using goodness-of-fit techniques to avoid using the proposed criterion
and consequently a stratified analysis unnecessarily.
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