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Summary

The effects of measurement errors on usual linear regression estimator are exam-
ined. A comparative study is made among the linear regression estimator, the
mean per unit estimator and the ratio estimator in the presence of measurement
errors.
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1 Introduction

For a simple random sampling scheme (see Sukhatme et al., 1984), let
(z4,vy;) be observed values instead of the true values (X;,Y;) on the two
characteristics (X,Y") respectively for the ith (¢ = 1,2,...,n) unit in the
sample of size n. Let the observational or measurement errors be

up = yi—Y; (1.1)

which are stochastic in nature with mean zero and variances 012] and 0‘2/
respectively, and are independent.

Further, let the population means of (X,Y") be (ux,uy), population
variances of (X,Y) be (0%, 0%) and oxy and p be the population covari-
ance and the population correlation coefficient between X and Y respec-
tively.

Assuming px to be known, for the estimation of population mean py,
the ratio estimator tr and the linear regression estimator g, are

tR= (g) X (1.3)
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and
Y =7+ blux —T), (1.4)

where (7, T) are the means of the sample observations on (Y, X) respec-
tively,

s 1 &
=2 =y -
Sz i=1
and
52 = - Z(m, —7)

Let
1 1 1
1 & 1 &
Wy = m;% Wx = m;(Xi px)
ox oy
cx = — and cy = —.
X ny
We have
1& 1 &
7= EZ@/ZZ EZK%_Y) (Y — py) + py]
i=1 i=1
or
1 n
y—uy = ﬁ [(y,-—Y-)Jr(Y,-—uy)]
= _Z U; + Y ,UY)]
1 n
= 1/2 1/22”2 1—/ZY 1)
= 1/2 [WU —I—Wy]
or

1
V=5 Wy + Wy + py. (2.1)
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Similarly,

1
T = 1—/2[Wv+Wx]+Mx. (2.2)
n

From (A.3) in Appendix and (2.1), substituting the values of b(ux —T)
and 7 in 7, =7 + b(ux — T), we have

U — by = #(WU +Wy) + ?—E(Y —#(Wv + Wx)
1
noxy
—uxWy — pxWy — py Wy — py W)
+Wx(Wxy +Wyvy +Wxy +Wyv — uxWy — uxWy

1
—uy Wy —uyWx)} + W{WV(WXZ +2Wxv
X

{Wy(Wxy + Wyvy +Wxu + Wy

+Wye = 2uxWy — 2uxWx) + Wx (Wxe 4+ 2Wxy
1

W — 2ux Wy — 2uxWx)} + O, (Wﬂ @23

Taking expectation on both sides of (2.3), the bias of 7, up to order O(n~!)
is

oxXy 1

Bias (?zr) =3 ——(Mom — Wy poo2 + H210 — X H110 — MYM200)

1
+U—2(2M102 + 11003 — 24 Hoo2 + f4300 + H102 — 2#)(#200)] , (2.4)
X

where pyst = E[(X —px)" (Y —py )* VY, p11o = oxy, pooo = 0%, fo20 = 0%
and Ho02 = J%/.

Squaring both sides of (2.3) and taking expectation, the mean square
error of 7, up to order O(n~1), is

1
MSE(7,) = gE(Wﬁ + Wi + 2WyWy)
1 (o ?
1 (g) BOWE + W2 + 20y W)
mn UX
2
_;U(;X_zy EWuWy + WyWx + Wy Wy + Wy Wx)
X
1 o ’ o
I PR (L) (o1 + %)~ 2 oy
n Ox Ox
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2 2 P2012/ 2 2y _ 9,242
(o +oy) + 2 (ov +0%) —2p 0y
X

2 2

p-o
0[2]—1- 2Ya‘2/

0%

= M+ M, (2.5)

Sl—= 3~

1
oy (1—p?) + -

where M} = 0%.(1 — p*)/n is the mean squared error of 7, without mea-

surement errors and
2
2 2 [ Oy 2
O'U + P <—2 ) UV]
Ox

is the contribution of measurement errors in case of the linear regression
estimator.

M=~
n

3 Some remarks

(a) From Shalabh (1997), we have

1 1
V(9) 032/ + 0[2]] = 5032/ + M, (3.1)

= —|
n
where M = o /n is the contribution of measurement error for the case of
mean per unit estimator .
From (2.5), the contribution of measurement error to the mean square
error of regression estimator 7, up to order O(n™1) is

2 2 i 2| _ 2 i 2 3.9
o tp o2 | V|~ +|p 02 | V|- (3:2)
X

X
The second term in (3.2) is non-negative, hence comparing (3.1) and (3.2),
we see that the linear regression estimator %, is effected more by the mea-
surement errors than the mean per unit estimator 7.

1
M=~
n

(b) Again, from Shalabh (1997), the mean square error of the ratio esti-
mator tg to the order O(n™1), is

M(tR):%P—C—X(m—C—XﬂJr%

2
of + ('U—Y) 0’\2/] = Mp + Mg,
nx

where
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is the mean squared error of the ratio estimator tp without measurement
errors and
Ky 2 2
of + (—) oy (3.3)
1254

is the contribution of measurement errors in the case of the ratio estimator.

1
Mp =~
n

Comparing the contributions of measurement errors to the regression
estimator and the ratio estimator, we see from (3.2) and (3.3) that

M; < Mp
if ) )
1 2 pO'Y) 2 1 2 <MY) 2
— - < — -
- UU—I—(UX oy - o+ ix
or if )
pev|®
cx
or if
PY) 1. (3.4)
CX

From (3.4), it is clear that the regression estimator 7, is less effected
by the measurement errors than the ratio estimator tg if

C
'O_Y < 1
CX
otherwise, that is when
C
p_Y > 1’
cx

the regression estimator is more effected by measurement errors than the
ratio estimator tg.

Appendix
We have
n
Si = n_IZx? — 72
i=1

= p! Z(X’ — Vl)2 — {n_l/z(Wv +Wx) + ,ux}2
i=1
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n n n
= p! ZXZQ +2on7! ZXiVi +nt Z V2
i—1 i—1 i—1

- {n_l(Wv + Wx)2 + 2n_1/2(WV + Wx)ux + ,u%(}

n

Y {/ UK — (0% 1)+ (7% + )]
=1

oS XV 2y v;}
=1 i=1
— {n_l(Wv + Wx)2 + Zn_l/z(WV + Wx)ux + N?X}
= n_1/2WX2 + 2n_1/2WXV + n_1/2WV2 + Ug( + ,u%(
— {n_l(Wv + Wx)2 + 2n_l/2(WV + Wx)ux + :“?X}
= Og( + n_1/2WX2 + 2n_1/2WXV + n_1/2WV2

—{n W+ Wx)? 4 2T Wy Wxpx p, (A
where
Wae = 723X~ (% + ),
i=1
Wyy = 023X,
i=1
and
Wy = nol/2 zn:Vf.
i=1
Further,
Soy = n' Zn:iﬂzyz — Ty
i=1

= p! Z(X, + Vz)(Yz + Ui)
i=1
= {7 B W)+ g p {07 OV W) + v
— p-1 Z(X’l}/; + V.Y, + X, U; + Uzvz)
i=1
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—n YWy + Wx)(Wy + Wy) —n Y2 ux (Wy + Wy)
—n "V 2y (W + W) — uxpy

= nl/2 {n_1/2 > (XY —oxy — pxpy)
i=1

+n Y YV Y XU Y UV}
i=1 i=1 i=1
toxy + pxpy —n Wy + Wx) (W + Wy)
—n 2y (Wy + Wy) — 0™ Y2y (Wy + Wx) — pxpy
= oxy + n_1/2WXy + n_1/2Wyv + n_1/2WXU
+n_1/2WUV — n_l(WV + Wx)(WU + Wy)

—n V2 ux (W + Wy) — 0™ Y2y (W + W), (A.2)
where
Wxy = n /2 Zn:(XiYi —OXY — XY ),
i=1
Wyy = n'/2 ZYV
i=1
Wxy = n~'/? iXiUi
i=1
and

Woyv = n_1/2ZUiVi-
i—1

Using (A.1) and (A.2) in b = s,,/s2, we have

b = Joxy +n Y {Wxy + Wyy + Wxp + Wov — px(Wy + Wy)
—uy Wy +Wx) —n~Y2(Wy + Wx)(Wy + Wy} /
(0% +n Y2 Wy + 2Wxy + Wiz — 2ux (Wy + W)
—n "2 (W + Wx)?).

Whence, using (2.2), we have

o 1
blux —T) = —5 |1+ - \Wxy + Wyv + Wxu + Wov
0% n20xy
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—px Wy +Wy) — py (Wy + Wx)
—n AW+ Wx) (W + W)}

1
ll 257 2 {Wx2 +2Wxvy + Wy —2ux(Wy + W)

—n_1/2(WV + W)+ -} {=n 72y + Wx) )
o _ 1
= T a4 W) - 4 W)
O'X noxy
{Wxy + Wyy + Wxy + Wuv — ux(Wy + Wy)

—py Wy + Wx)} to3 (WV + Wx ) {Wx2 + 2Wxy
0%

+Whyre = 2ux (Wy + Wx)} +0, (n_3/2)] . (A.3)
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