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Summary
The effects of measurement errors on usual linear regression estimator are exam-
ined. A comparative study is made among the linear regression estimator, the
mean per unit estimator and the ratio estimator in the presence of measurement
errors.
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1 Introduction

For a simple random sampling scheme (see Sukhatme et al., 1984), let
(xi, yi) be observed values instead of the true values (Xi, Yi) on the two
characteristics (X,Y ) respectively for the ith (i = 1, 2, . . . , n) unit in the
sample of size n. Let the observational or measurement errors be

ui = yi − Yi (1.1)

vi = xi − Xi, (1.2)

which are stochastic in nature with mean zero and variances σ2
U and σ2

V
respectively, and are independent.

Further, let the population means of (X,Y ) be (µX , µY ), population
variances of (X,Y ) be (σ2

X , σ2
Y ) and σXY and ρ be the population covari-

ance and the population correlation coefficient between X and Y respec-
tively.

Assuming µX to be known, for the estimation of population mean µY ,
the ratio estimator tR and the linear regression estimator y1r are

tR =

(

y

x

)

µX (1.3)
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and
ylr = y + b(µX − x), (1.4)

where (y, x) are the means of the sample observations on (Y,X) respec-
tively,

b =
sxy

s2
x

sxy =
1

n

n
∑

i=1

(xi − x)(yi − y)

and

s2
x =

1

n

n
∑

i=1

(xi − x)2.

2 Bias and mean square error (MSE) of y1r

Let

WU =
1

n1/2

n
∑

i=1

ui, WY =
1

n1/2

n
∑

i=1

(Yi − µY ),

WV =
1

n1/2

n
∑

i=1

vi, WX =
1

n1/2

n
∑

i=1

(Xi − µX),

cX =
σX

µX
and cY =

σY

µY
.

We have

y =
1

n

n
∑

i=1

yi =
1

n

n
∑

i=1

[(yi − Yi) + (Yi − µY ) + µY ]

or

y − µY =
1

n

n
∑

i=1

[(yi − Yi) + (Yi − µY )]

=
1

n

n
∑

i=1

[ui + (Yi − µY )]

=
1

n1/2

[

1

n1/2

n
∑

i=1

ui +
1

n1/2

n
∑

i=1

(Yi − µY )

]

=
1

n1/2
[WU + WY ]

or

y =
1

n1/2
[WU + WY ] + µY . (2.1)
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Similarly,

x =
1

n1/2
[WV + WX ] + µX . (2.2)

From (A.3) in Appendix and (2.1), substituting the values of b(µX −x)
and y in ylr = y + b(µX − x), we have

ylr − µY =
1

n1/2
(WU + WY ) +

σXY

σ2
X

[

−
1

n1/2
(WV + WX)

−
1

nσXY
{WV (WXY + WY V + WXU + WUV

−µXWU − µXWY − µY WV − µY WX)

+WX(WXY + WY V + WXU + WUV − µXWU − µXWY

−µY WV − µY WX)} +
1

nσ2
X

{WV (WX2 + 2WXV

+WV 2 − 2µXWV − 2µXWX) + WX(WX2 + 2WXV

+WV 2 − 2µXWV − 2µXWX)} + Op

(

1

n3/2

)]

. (2.3)

Taking expectation on both sides of (2.3), the bias of ylr up to order O(n−1)
is

Bias (ylr) =
σXY

nσ2
X

[

−
1

σXY
(µ012 − µY µ002 + µ210 − µXµ110 − µY µ200)

+
1

σ2
X

(2µ102 + µ003 − 2µXµ002 + µ300 + µ102 − 2µXµ200)

]

, (2.4)

where µrst = E[(X−µX)r(Y −µY )sV t], µ110 = σXY , µ200 = σ2
X , µ020 = σ2

Y

and µ002 = σ2
V .

Squaring both sides of (2.3) and taking expectation, the mean square
error of ylr up to order O(n−1), is

MSE(ylr) =
1

n
E(W 2

U + W 2
Y + 2WUWY )

+
1

n

(

σXY

σ2
X

)2

E(W 2
V + W 2

X + 2WV WX)

−
2

n

σXY

σ2
X

E(WUWV + WUWX + WY WV + WY WX)

=
1

n



(σ2
U + σ2

Y ) +

(

σXY

σ2
X

)2

(σ2
V + σ2

X) − 2
σXY

σ2
X

σXY




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=
1

n

[

(σ2
U + σ2

Y ) +
ρ2σ2

Y

σ2
X

(σ2
V + σ2

X) − 2ρ2σ2
Y

]

=
1

n
σ2

Y (1 − ρ2) +
1

n

[

σ2
U +

ρ2σ2
Y

σ2
X

σ2
V

]

= M∗
l + Ml, (2.5)

where M∗
l = σ2

Y (1 − ρ2)/n is the mean squared error of ylr without mea-
surement errors and

Ml =
1

n

[

σ2
U + ρ2

(

σ2
Y

σ2
X

)

σ2
V

]

is the contribution of measurement errors in case of the linear regression
estimator.

3 Some remarks

(a) From Shalabh (1997), we have

V (y) =
1

n
[σ2

Y + σ2
U ] =

1

n
σ2

Y + M, (3.1)

where M = σ2
U/n is the contribution of measurement error for the case of

mean per unit estimator y.
From (2.5), the contribution of measurement error to the mean square

error of regression estimator ylr up to order O(n−1) is

Ml =
1

n

[

σ2
U + ρ2

(

σ2
Y

σ2
X

)

σ2
V

]

= M +

[

ρ2

(

σ2
Y

σ2
X

)

σ2
V

]

. (3.2)

The second term in (3.2) is non-negative, hence comparing (3.1) and (3.2),
we see that the linear regression estimator ylr is effected more by the mea-
surement errors than the mean per unit estimator y.

(b) Again, from Shalabh (1997), the mean square error of the ratio esti-
mator tR to the order O(n−1), is

M(tR) =
σ2

Y

n

[

1 −
cX

cY

(

2ρ −
cX

cY

)]

+
1

n

[

σ2
U +

(

µY

µX

)2

σ2
V

]

= M∗
R + MR,

where

M∗
R =

σ2
Y

n

[

1 −
cX

cY

(

2ρ −
cX

cY

)]
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is the mean squared error of the ratio estimator tR without measurement
errors and

MR =
1

n

[

σ2
U +

(

µY

µX

)2

σ2
V

]

(3.3)

is the contribution of measurement errors in the case of the ratio estimator.

Comparing the contributions of measurement errors to the regression
estimator and the ratio estimator, we see from (3.2) and (3.3) that

Ml < MR

if
1

n

[

σ2
U +

(

ρσY

σX

)2

σ2
V

]

<
1

n

[

σ2
U +

(

µY

µX

)2

σ2
V

]

or if
∣

∣

∣

∣

ρcY

cX

∣

∣

∣

∣

2

< 1

or if
∣

∣

∣

∣

ρcY

cX

∣

∣

∣

∣

< 1. (3.4)

From (3.4), it is clear that the regression estimator ylr is less effected
by the measurement errors than the ratio estimator tR if

∣

∣

∣

∣

ρcY

cX

∣

∣

∣

∣

< 1

otherwise, that is when
∣

∣

∣

∣

ρcY

cX

∣

∣

∣

∣

> 1,

the regression estimator is more effected by measurement errors than the
ratio estimator tR.

Appendix

We have

s2
x = n−1

n
∑

i=1

x2
i − x2

= n−1
n
∑

i=1

(Xi − Vi)
2 −

{

n−1/2(WV + WX) + µX

}2
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= n−1
n
∑

i=1

X2
i + 2n−1

n
∑

i=1

XiVi + n−1
n
∑

i=1

V 2
i

−
{

n−1(WV + WX)2 + 2n−1/2(WV + WX)µX + µ2
X

}

= n−1/2

{

n−1/2
n
∑

i=1

[X2
i − (σ2

X + µ2
X) + (σ2

X + µ2
X)]

+2n−1/2
n
∑

i=1

XiVi + n−1/2
n
∑

i=1

V 2
i

}

−
{

n−1(WV + WX)2 + 2n−1/2(WV + WX)µX + µ2
X

}

= n−1/2WX2 + 2n−1/2WXV + n−1/2WV 2 + σ2
X + µ2

X

−
{

n−1(WV + WX)2 + 2n−1/2(WV + WX)µX + µ2
X

}

= σ2
X + n−1/2WX2 + 2n−1/2WXV + n−1/2WV 2

−
{

n−1(WV + WX)2 + 2n−1/2(WV + WX)µX

}

, (A.1)

where

WX2 = n−1/2
n
∑

i=1

{X2
i − (σ2

X + µ2
X)},

WXV = n−1/2
n
∑

i=1

XiVi

and

WV 2 = n−1/2
n
∑

i=1

V 2
i .

Further,

sxy = n−1
n
∑

i=1

xiyi − xy

= n−1
n
∑

i=1

(Xi + Vi)(Yi + Ui)

−
{

n−1/2(WV + WX) + µX

}{

n−1/2(WU + WY ) + µY

}

= n−1
n
∑

i=1

(XiYi + ViYi + XiUi + UiVi)
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−n−1(WV + WX)(WU + WY ) − n−1/2µX(WU + WY )

−n−1/2µY (WV + WX) − µXµY

= n−1/2

{

n−1/2
n
∑

i=1

(XiYi − σXY − µXµY )

+n−1/2
n
∑

i=1

YiVi + n−1/2
n
∑

i=1

XiUi + n−1/2
n
∑

i=1

UiVi

}

+σXY + µXµY − n−1(WV + WX)(WU + WY )

−n−1/2µX(WU + WY ) − n−1/2µY (WV + WX) − µXµY

= σXY + n−1/2WXY + n−1/2WY V + n−1/2WXU

+n−1/2WUV − n−1(WV + WX)(WU + WY )

−n−1/2µX(WU + WY ) − n−1/2µY (WV + WX), (A.2)

where

WXY = n−1/2
n
∑

i=1

(XiYi − σXY − µXµY ),

WY V = n−1/2
n
∑

i=1

YiVi,

WXU = n−1/2
n
∑

i=1

XiUi

and

WUV = n−1/2
n
∑

i=1

UiVi.

Using (A.1) and (A.2) in b = sxy/s
2
x, we have

b = [σXY + n−1/2{WXY + WY V + WXU + WUV − µX(WU + WY )

−µY (WV + WX) − n−1/2(WV + WX)(WU + WY )}] /

[σ2
X + n−1/2{WX2 + 2WXV + WV 2 − 2µX(WV + WX)

−n−1/2(WV + WX)2}].

Whence, using (2.2), we have

b(µX − x) =
σXY

σ2
X

[

1 +
1

n1/2σXY
{WXY + WY V + WXU + WUV
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−µX(WU + WY ) − µY (WV + WX)

−n−1/2(WV + WX)(WU + WY )}
]

[

1 −
1

n1/2σ2
X

{WX2 + 2WXV + WV 2 − 2µX(WV + WX)

−n−1/2(WV + WX)2 + · · ·}
] {

−n−1/2(WV + WX)
}

=
σXY

σ2
X

[

−n−1/2(WV + WX) −
1

nσXY
(WV + WX)

{WXY + WY V + WXU + WUV − µX(WU + WY )

−µY (WV + WX)} +
1

nσ2
X

(WV + WX){WX2 + 2WXV

+WV 2 − 2µX(WV + WX)} + Op

(

n−3/2
)]

. (A.3)
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