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Abstract: Robust Bayesian Inference in a linear-linear segmented re-
gression model, assuming non-homogeneous error variance, is explored for
cases in which the errors follow Student’s t distributions. Metropolis-within-
Gibbs algorithms are used in order to estimate the posterior distribution of
the change point and the model parameters. The methodology is illustrated
by the analysis of two simulated data sets and a real data set from a clinical
study designed to determine the anaerobic threshold of a healthy male during
dynamic exercise.
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1 Introduction

A Bayesian approach based on Gibbs sampling with Metropolis-Hasting algorithm
is considered for the problem of making inferences about the change point in a
segmented non-homogeneous error variance regression model supposing the error
terms with multivariate ¢ distributions with small number of degrees of freedom.

A heteroscedastic linear-linear model in the case that a sequence of observa-
tions (X;,Y;) for i =1,2,...,T is considered, may be written as

v — oy + i Xi ey, 1=1,2,...,)
| ae+BeXite, i=A+1,A+2,..,T.

where Y is assumed random and X is fixed, ej; and ey; are the error terms,
a1, B1, ag, B2 are the model parameters and A is the unknown change point. It
will be convenient to rewrite the above model in matrix form, i.e., for Y1(\) =

’

(Y1,...Y2), Yo(A) = (Yag, .. Y72) , e1 = (e1,...,ex) and es = (exs1, ... er),

Y1 ()\) X1 (A) 0 91 (S31
_ , 1.1
( Y>(\) ) ( S DA AR (1)
where 61 = (a1, 31)", 02 = (a2, 32)", 0 is the zero matrix, X;()\) is the regression
matrix for the first A observations and X3 (\) for the last 7'— X observations. The
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error vectors e; (j = 1,2) are assumed to be mutually independent and each have

a joint multivariate Student-t¢ distribution with zero location vector, scale matrix

O’?Idj, and v; degrees of freedom, where d; = X and dy = T — A. The density
function for e; is of the form
ey = T+ /2

T T (B PR T 2

(17 + ey /o3) TR, (12)

where 0; > 0,7 =1,2, —00 < ey;, eg; < 00,1 =1,2,...,T.

The two-phase regression model described in (1.1) is an extension of the usual
linear model under the assumption that the error vector has a multivariate t-
distribution (Zellner, 1976) to allow the inclusion of a change-point. The segmen-
tation of the model, useful when it is suspected that the model parameters change
after an unknown time, makes the inference problem complicated. The difficulties
of deriving the maximum likelihood estimators of the change-point and for the
parameters in the model are apparent.

Bayesian methods in segmented regression models have received some atten-
tion in a series of papers. Ferreira (1975), assuming three different prior distri-
butions of the change point parameter, provides marginal posterior distributions
for all parameters of the simple linear-linear segmented regression model. Hol-
bert and Broemeling (1977), assigning improper uniform density to all regression
parameters, present marginal posterior density for the change point. Chin Choy
and Broemeling (1980), working with multiple linear-linear segmented regression
model, provide posterior distributions of the change point, variance and regression
parameter vectors. Bayesian methods in segmented time series regression models
are discussed in Gelfand and Sfiridis (1996), Kim and Nelson (1999), and Perreault
et al. (1999).

Many of these works are based on normal error distribution and constant
error variance assumptions. It is well known that there are circumstances in
which models based on normal error distribution are not adequate. For instance,
problems where the parent distribution differs from the normal due the presence
of heavy tails, or in the case where there are unusual or outlying values, or the
data are too dispersed (see Box and Tiao, 1973; Hsu, 1982a; Gelman et al., 1995).

Metropolis-within-Gibbs algorithm is discussed in Gelfand and Smith (1990),
Smith and Roberts (1993), and Chib and Greenberg (1995). Discussion of Student-
t error terms models can be found in Zellner (1976), who analyzes the usual
linear multiple regression model under the assumption that the error vector has a
multivariate t-distribution; Sutranghar and Ali (1986), extend Zellner’s regression
model to the case of several variables; Lange et al. (1989), suggest models with
multivariate ¢ errors for many different problems; and Tsurumi (1977), presents
a Bayesian test for a change point in two regressions assuming errors terms with
multivariate Student-t distributions.

The paper is organized as follows. In Section 2 is proposed a Bayesian version
of the heteroscedastic linear-linear model; in Section 3 is described the Metropolis-
within-Gibbs algorithm. Two simulated data sets are analyzed in Section 4 and
a real data set from a clinical study is analyzed in Section 5. A discussion is also
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presented in Section 5. General comments in Section 6 concludes the paper.

2 The Bayesian framework

A classical statistical method for fitting heteroscedastic linear-linear model with
multivariate ¢ distribution errors is not available. The reasons could be the difficul-
ties of deriving the maximum likelihood estimators of the parameters. Considering
such fact and the possibility of introducing in the model prior information on the
parameters, a Bayesian inference is adopted in this study.

Using (1.1) and (1.2), the likelihood function for the regression model, given
A, 01,05, 02, 03 is

p(Y15Y2|A7 917 9270'%7 0’%) =

Ty 4 d)/2)
T ()P (v, 2)

=12

Assuming independence between (61,0%) and (62,05 ) and noninformative priors
for the model parameters, the joint prior distribution for 61,605, 0%, and o3 is

7T(91,6‘2,0'%,0'§) = w(@l,af)w(ﬁg,ag) o (2.2)

Rl =
S
[N \) =

Combining the likelihood function (2.1) with the prior density previously men-
tioned, the joint posterior density is

pl()\a 017 925 0'%7 U§|Y) X W()\)% iQ
01 03
< TTCy oy + (Y500 = X;008,) (Y;(0) = X;(N)9;) /0]~ @72
j=1
1 1 ~ / ~
x W <11 o+ (500 = T500) (Y500 = T, 00) /o

where 7(\) is the prior distribution of the change point parameter A, ?j \) =

X;(A\);, and 6; = (X5(0X; (V) X5(A)Y5(A), 4 = 1,2, The most common
prior distribution of the change point parameter A is the uniform distribution
(Ferreira, 1975; Holbert and Broemeling, 1977).
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3 The Metropolis-within-Gibbs algorithm

The marginal posterior densities of the parameters in equation (2.3) are not easily
obtained. An alternative to handle this situation is the use of the Metropolis-
within-Gibbs algorithm.

The Metropolis-within-Gibbs algorithm allows simulation of observations from
a complex joint distribution. Here the posterior simulation is performed in part
using the Gibbs sampler (Casella and George, 1992), for the cases where the
conditional posterior distributions of the parameters are available for sampling,
and in part using the Metropolis-Hasting algorithm (Chib and Greenberg, 1995),
for the cases when the conditional distributions are not of a common form.

3.1 The conditional distributions

The conditional posterior density for 6; given A, 6a, 02, 03 and Y is

201, 02,02, 02,Y) x Ci [Ul + (i - ?1(/\))/ (V1) = %2 () /o

~, ~ ~(Atv1)/2
(61— B) X, (VX1 (V) (61 — 1)/
X [(0’%’01 + (/\ — 2)51)/0’%4‘ (31)

0~ XX ()0 )3

)

~ ) ~ —(v+2)/2
N l L vl = 0) X)X (V) (¢ - on]
(0fv1 4+ (A =2)51)
where (A — 2)S; = (Yl()\) - ?1(A))' (Yl(/\) - 3?1(A)) and v=XA—2+u,.
The expression in the last line of (3.1) is readily recognized to be the kernel of
a multivariate Student-¢ distribution with location vector 51, scale matrix

(oFv1 + (A —2)S1)/(v —2),

COV (1) = (X1 (N)X1(N))
and v degrees of freedom, v > 2. Thus

01X, 02,067,035, Y ~ ty (é}, (X NX1 () (001 + (A= 2)81) /(v — 2),u) :
(3.2)
Similarly, the conditional posterior density for 6y given ), 01, 0%, 02 and Y is

in the form of a multivariate Student-¢ distribution with location vector 65, scale
matrix

COV(02) = (X5(N)X2(N))™ (0302 + (T = A = 2)S)/(w — 2),

and w degrees of freedom, w > 2, where

(T = A= 2)5, = (Ya() = ¥200) (Y20 - ¥2(0)
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and w=T — X —2+ vy. Thus
0217, 01,0203, Y~ 1 (B, (Xp()X2(N) ™" (0302 + (T = A = 2)8)/(w — 2),w)
(3.3)

The conditional posterior density for X given 01, 62, 07, 03 and Y is

)\Jr'Ul)/Q

v)’T((v1 + 1) /2) (7

T(\O,,02,0%,05,Y) o< (N s olvl+()\—2)51)7(

X |14+

N 1 —(Afv1)/2
(61 — 61)' XL (N)X1(A) (61 — 61)

o?vr + (A —2)5;

(T—XN)/2 ]
v T((va+T—X)/2)
22 — T (O'%’UQ + (T — A= 2)52

X |14+

)7(T7>\+'U2)/2

N 4 —(T=A4vs)/2
(62 — 02)'X5(N) X2 (A) (A2 — 62)

U%UQ+(T—)\—2)SQ ’

for X = 2,....T—2.

Despite the choice of the prior 7(A), it is impracticable to simulate from this
distribution. In the numerical illustration presented in next section, w(\) is the
uniform distribution.

The conditional posterior density for o7 given A, 61, 02, 03 and Y is

7(03, 01, 02,03, Y) ox (03) 101/ (o3uy + (A = 2)8y) "2
. 1 =(ton)/2
14 (61 — 61) X (N)X1 (V) (61 — b1)
oy + (A —2)5

The conditional posterior density for o3 given A, 6, 6, 0? and Y is

m(03|\, 01,02,02,Y) (05)(_1"'”2/2) (U%’Ug +(T-X— 2)5’2)_(T_)\+U2)/2

(2 — 02)' X5(N) X2 () (02 — 65)

% (03vg + (T — X — 2)S,

1+

‘| 7(T*)\+’U2)/2

3.2 The generations schemes

Given the starting values 9§0) = (ago), §0))/, 9%0) = (aéo), éo))/ MO, af(o), 05(0),
generate 99) from the conditional multivariate Student-¢ distribution (3.2) given
A =20 g, =600 62 = 62 and 02 = 02", then generate 65" from the
conditional multivariate Student-t distribution (3.3) given A = X9 4, = 99),

©) © . . .
0? = 0} ', and 03 = o5 , in both cases using Gibbs sampling scheme. The

)
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procedure described by Johnson e Kotz (1972), page 144, is used to generate
samples from the multivariate Student-¢ distribution.

Generate af(l) using Metropolis sampling scheme, generating a candidate o2
from a distribution Gamma(vy/2,251/v1), where v; corresponds to the degrees
of freedom of the multivariate ¢ distribution of the error vector e; associated
to the first subset and S; is the sample variance of the first A(®) observations.
Submit the candidate generated to the Metropolis acceptance/rejection test as
described in Chib and Greenberg (1995), generating a value U from U (0, 1), if U

(0) (1) (1) (0)
< p(o? " ,0%), set 07 =02, else, set 07 =07 , where
2 [1(0) p(1) p(1) _2®
2©® o\ . (02 ]AO 67V 657 027 Y)
<P(U1 7061) = min

(02 A gD o) 520 vy

A similar procedure is used to generate Ug(l) , with a candidate o2, generated from
a distribution Gamma(va/2,252/v2).

The discrete parameter AV is obtained by generating U from a distribution
U(0,1), applying the search-in-table procedure, i.e., A1) must satisfy

A A 11
Sowklo o 03" 02 ) <U < S a(kle”, 650,02 03" Y).
k=2 k=2

Repeat this process using (9&1), 951), A, 0%(1), og(l)) as starting values and

SO O1.

4 Simulation studies

The methodology proposed is illustrated by two simulated sets of T = 60 observa-
tions, simulated from the model (1.1) with the parameters as presented in Tables
1 and 2. The scatterplots of the pairs (x, y) for the two datasets are showed in
Figure 1. The first dataset presents a ramp-ramp situation with change-point at
position A = 20 . It means that the first 20 observations were taken from a mul-
tivariate t distribution with location vector X;6;, and scale matrix a%IQO and the
remaining 40 observations from a multivariate ¢ distribution with location vector
X505 and scale matrix 05140. The second dataset also presents a ramp-ramp situ-
ation but with change-point at position A = 30, at the center of the series. In both
cases, the parameter vectors are 9/1 =(ag, /) =(2 —8)/, 9/2 = (g, 62)l = (-4,
8)/, and variances given by 07 = 1 and o3 = 4.

Lange et al. (1989) suggest, based on their applications, that, for small sam-
ples, the degrees of freedom of the proposed multivariate ¢-distribution model
being set as v = 4. The numerical examples presented in this section assume that
the degrees of freedom used for the simulation of the dataset are vy = v = 3.
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Figure 1  Plots of two data sets with T = 60 observations. Case 1 presents
a ramp-ramp shape with change-point at position A = 20. Case 2
presents a ramp-ramp shape with change-point at the center posi-
tion X\ = 30.

Table 1 True Parameter and Posterior Estimates - Case 1
Parameters | True values | Posterior Median | 95% Credible Interval
A 20 18.00 [13.00, 34.00]

o3 1 1.30 [0.10, 6.61]
o3 4 2.92 [0.27, 13.92]
ay 2 2.05 [0.72, 3.44]
01 -8 -6.23 [-13.42, 1.77)
1o -4 -4.38 [[-7.12, -0.94]]

Ba 8 9.48 [5.03, 13.24]
Table 2 True Parameter and Posterior Estimates - Case 2
Parameters | True values | Posterior Median | 95% Credible Interval
A 30 33.00 [18.00, 34.00]

o2 1 0.88 [0.07, 3.85]
o3 4 3.29 [0.30, 16.23]
ay 2 2.00 [1.19, 2.88]
061 -8 -6.77 [-10.01, -3.94]
Qs -4 -4.14 [-8.90, 1.76]
o 8 9.19 [1.89, 15.28]
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Figure 2 Case 1 - Posterior densities of the model parameters and his-
togram of the change point.
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Figure 3 Case 2 - Posterior densities of the model parameters and his-
togram of the change point.
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Characteristics of the posterior distributions of the parameters \, 0%, o3 a;,
081, az and (2 can be calculated from samples generated by the Metropolis-within-
Gibbs technique. For the two cases, a Pentium II 333 MHZ and the statistical
software R (Thaka and Gentleman, 1996) are used to generate two chains of 10001
iterations each for all seven parameters. The first 1000 values are discarded (burn-
in) and, since the autocorrelation within each chain for each parameter at lag 1 is
non significan, the remaining sample is taken forward for analysis.

The posterior distributions of \, a1, 81, aa, 32, 0%, and 03, for the two cases,
are also summarized in Tables 1 and 2. Posterior medians (the medians of the
simulated values), and the 95% credibility intervals are presented. The Metropolis
procedure has a good acceptance rate and do not present difficulties of implemen-
tation. The same happens with the Gibbs steps of the method. The initial values
are not critical, provided that exotic values are not used.

Figure 2 and 3 present the approximate marginal posterior densities based on
the combined chains for all the parameter models and the change point for both
cases. The convergence of the chains is verified using CODA package (Best et al.,
1995), showing that the chains converged.

4.1 Working with outliers

A new data set of T' = 60 observations contaminated with two outliers is simulated
from the model (1.1). The scatterplot of the pairs (x,y) is showed in Figure 4.
The two outliers are indicated by cross marks. The posterior distributions of
A, a1, Bi, az, B2, 02, and 03, is summarized in Table 3. The convergence of the
chains is verified using CODA package (Best et al., 1995), showing that the chains
converged.

As shown in the Table 3, in the case that the data set is contaminated with
outliers, the methodology proposed in this article provides resistant result with
respect to the estimation of the change point. However, the point estimators of
the model parameters, associated with the region of the outliers (submodel 1),
are influenced by the presence of extreme observations, and the credible intervals
for those parameters and for the change point became wider than the credible
intervals calculated from the same data set without outliers.

Table 3 True Parameter and Posterior Estimates - Case with outliers

Parameters | True values | Posterior Median | 95% Credible Interval
A 20 20.00 [6.00, 24.00]
o2 1 7.39 [0.60, 39.95]
o3 4 7.55 [0.65, 32.85]
aq 4 6.01 [0.94, 9.32]
01 -8 -10.76 [-20.27, 22.10]
a9 -2 -1.05 [-5.18, 3.43]
B2 8 7.74 [4.65, 10.63]
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Figure 4  Plots of a data set with T = 60 observations with/without outliers.

5 Application

In this section the methodology developed in this article is illustrated considering
a real data set. The data comes from a clinical study designed to determine the
anaerobic threshold of a healthy male during dynamic exercise (Maraes et al.,
2000). Anaerobic threshold is defined as the level of power output or oxygen con-
sumption just below that at which metabolic acidosis (blood lactate accumulation)
and associated changes in gas exchange occur (Chwalbinska-Moneta et al., 1989),
or it is also defined as the intensity of the exercise on which the production of
energy for the aerobic metabolism is supplemented for the anaerobic metabolism
(Beaver et al., 1986). There exist different techniques of determinating the Anaer-
obic threshold presented in the literature, among them is the one based on the
heart rate variability (HRV)(Maraes et al., 2000). This method deals with the fact
that the anaerobic threshold during dynamic exercise signals a point of shift in the
physiological state in such a way that at this point or close to it many ventilatory
metabolic and cardiovascular variables suffer certain changes, including HRV.

The data set involves the heart rate (HR), recorded beat-to-beat, in real time,
through software STEF (Silva et al., 1994), of a young volunteer during continuous
dynamic exercise test at a ramp with initial load of 4 Watts (W) for 2 minutes,
proceeded by an increment of 20 W every minute until the individual’s exhaustion.
The data set used for the analysis is displayed at Figure 4.

In this protocol of exercise test occurs a linear elevation of the HR in a seg-
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mented form as shown in the Figure 5. The point where happens the change of
trend of the heart rate as a function of the time on exercise intensity is defined as
the anaerobic threshold.

The biological cycle in HR, which is of difficult estimation, caused by a combi-
nation of factors, yields a small variability in the average of the responses along the
time. This variability justify the use of a heavy tail distribution for the model. The
segmented regression model based on Student’s ¢ distribution is used to estimate
the relation between HR and time and, consequently, to identify the anaerobic
threshold. In Table 3 it is presented the posterior summaries for the parameters,
including the posterior medians, the associated posterior standard deviations and
the 95% Credibility Interval. The heteroscedasticity assumption, indicated by the
plot of the original data (Figure 4), is confirmed by the results showed in Table
3. Using A and the coefficients of the segmented regression model equal to the
posterior medians, the fitted regression equation have been superimposed on the
plot of the observed HR versus time in Figure 5. It can be conclude that, for this
case, the anaerobic threshold occur between the 336s and 356s, using a load of
64W.

Table 4 The Posterior estimates of the heart rate data

Parameters | Posterior Median | 95% Credible Interval

A 292 278, 304

Time 347 336, 356
o? 11.065 [0.792, 45.423]
o3 8.487 [0.687, 34.578]
aq 74.245 [72.798, 75.830]
01 0.005 [-0.002, 0.011]
a9 27.724 [26.316, 29.096]
Ba 0.141 [0.139, 0.144]

6 Conclusion

The use of segmented regression model based on the univariate or multivariate
normal distribution has been considered by several authors. In this article an
alternative to the normal model is discussed. The error terms are supposed to
follow Student’s ¢ distributions with few degrees of freedom.

A Bayesian analysis of segmented regression models is implemented using
Metropolis-within-Gibbs MCMC methods. The computer intensive method pre-
sented in this article can be easily implemented in R and gives accurate results.
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The heart rate, recorded beat-to-beat, as function of time on ex-
ercise intensity of a young volunteer during continuous dynamic
exercise test at a ramp, together with the fitted regression equa-
tion superimposed (solid lines), the 95% HPD and the posterior
median for the change point (vertical lines).
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