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Abstract: This paper is a generalization of Teicher’s (1992) result for
an infinite order degenerate U-statistics. The limiting distributions of infinite
order degenerate U-statistics under long range dependent process, strictly sta-
tionary a and p mixing processes have been derived. An r-quick convergence

result has also been dealt with.
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1 Introduction and notation

For a double array {X,;,1 < j < m, — oco,n > 1} of random variables on some
probability space and any positive integer k, define sums of distinct products of k
of the random variables in the n-th row by

[ Z Xny, X, -

1<i < <ig<may,

Teicher (1992) studied the convergence in law and the almost certain (a.c.) con-

k/p
vergence of Snk/<2]m="1 |an|p) , 0 < p<2 k>1, where the double sequence

{X,;} of random variables is without any particular probabilistic structure. The
purpose of this note is to extend the above result to get invariance principle for an
infinite order self-normalized generalized U-statistic which can be used to test si-
multaneous independence of a given set of observations. The result due to Teicher
(1992) can be obtained from our expression.

Our method of proof is quite elementary and is different from that of Teicher
(1992). This approach unifies many of the known results in the literature of
dependent variables.

Mandelbaum and Taqqu (1984) derived the invariance principle of an infinite
order symmetric statistic. Later on Mandrekar and Rao (1989) and then Feldman
and Rachev (1993) made their contributions in this direction.

Our result for convergence in law has been applied for an array of martingale
difference sequences (see Teicher, 1992), i.i.d. random variables in the domain of
attraction of a stable law and a sequence of exchangeable random variables. Here
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the applications mainly include the study of strictly stationary strong mixing and
p-mixing processes and long range dependent process. For finite as well as infinite
variance cases the limiting distribution of the symmetric statistic, under differ-
ent mixing setup, has been expressed as an infinite sum of Hermite polynomials
in Wiener process. But it is interesting to note that, under long range depen-
dent setup, the limiting distribution of the symmetric statistic has been expressed
as Y peo Bi(t), where By(t) is a fractional Brownian motion with parameter
1/2 < H < 1. Our result can also be applied for centered strictly stationary
random fields satisfying p*(s) — 0 as s — 00, p* being the “unrestricted p-mixing
coefficient” (for definition and for example Peliagrad, 1998). An r-quick version
of Marcinkiewicz-Zygmund strong law has been dealt with for strictly stationary
mixing sequence whose bivariate tail probabilities decrease faster than the univari-
ate tail probability (for &k = 1 see Lai, 1977). Sometimes we use the Vinogradov
symbol < to indicate an inequality containing some unspecified positive constant
factor.

2 Main results

Define
Sty = 1,
St, = > Xpyy oo Xny, 0<E<1, k21,
1<ty < <ip <[mnpt]
Spr = St for k>0,
m 1/p
Wnp = Z |an|p , D> 0
j=1
and
X; = max |X,l|
1<j<mn
Let
Mn
Y= (Sux/Wiy)-
k=0
Then the following theorems hold.
Theorem 1 Forp =2 let
St
Onl D, gt (2.1)
n2
[mnt] X, . 2
M Lotasn— 0o, uniformly in t,0 <t <1, (2.2)

2
%%



On limit theorems for symmetrics of weakly dependent processes 109

and e
W—;LOaanoo. (2.3)

where Z% is a random process with marginal distribution F (when t = 1) and 2,
denotes convergence in Skorohord topology.
Then we have for p =2

(oo}
D 1
Y!— Z EHk(Z%) as n — 0o,
k=0
where Hy(+) is the Hermite polynomial of degree k.
Theorem 2 For p € (0,2) let ¢,y be some constant satisfying

Snl

Cnp 4, Zr as n — 00, (2.4)
np
c |X"j|<1as for1<j< l 2.5
T .8, < j<my, forlargen (2.5)
np
and W
can:iLO as n — 0o (2.6)
Then we have
My, d o0 1
Zy = chp(Snk/W,’fp) — Z EZ}? as m — o0o.
k=0 k=0
Now we define
Yio= ) (Shi/Wyy), 0<t <1,
k=0
v, = 1
~ n ~
n = Zcfzp(snk/wn )a
k=0
where
Sty = 1,
St = > X ... X, k>1,
1<y <+ <ip <[nt]
gnk = grlllm k Z 0)
and

n 1/p
Wnp = (Z |Xz|p> , P> 0.
=1
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Corollary 1 Let {X,; = X;, 1 <j <my}, where {X;, j > 1} is a sequence of
i.4.d. random variables in the domain of attraction of a stable law with character-
istic exponent a € (1,2) and EXy1 # 0. Then for p € (o, 2)

o
5 d
Zn =2,
k=0

| —

ZI@ as n — 0o,

o~

!

L(1/n)
nlil/aWanXl
F and slowly varying function L are specified in Csérgo and Horva’th (1988).

where Zr is defined as in Theorem 1, cpp = and the distribution

Corollary 2 Let {X,} be a sequence of i.i.d. random variables with EX,; = 0
and E(]X1|*loglog |X1|) < co. Then for p =2

oo
~ D 1
Yi— Z HHk(Wt) as n — oo,
k=0
where Wy is a standard Brownian motion with EWy = 0 and cov (W, W) = sAt.
Corollary 3 Let {X,} be a sequence of exchangeable random wvariables with
EX; =0, E(|X1]?loglog | X1]) < cc.
Then for p=2

- 1
Y, —)ZEH’“(Z) as n — oo,
k=0

where Z is a standard Normal variate.

Corollary 4 Let {X,} be a centered strictly stationary p-mizing sequence of ran-
dom variables. Let g : [0,00) — [0,00) be a non-decreasing function such that for
some 0 < § < 1, 2°/g(x) is a non-decreasing function. Also suppose that

EX{g(1X1]?) < oo, (2.7)
[log(n)]
exp | (2+¢€") Z p(28) | = O(g(n'/?)) for some 0 < e* <1, (2.8)
k=1
and
o2 /n — o as n — oo, (2.9)
where
n 2
0l=F (Z Xk> .
k=1
Then for p =2

R A, |
Y — E HHk(Wt) as n — oo,
k=0
where Wy is a Brownian motion with EW; = 0 and cov (W, W;) = (s At)a? /o3,
2 2
oy = EXT.
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Let {X,,} be a sequence of centered strictly stationary strong-mixing sequence
of random variables with mixing coefficient a,. Define the strong-mixing function
a(t) by

Oé(t) = Oé[t].

Denote by @ the quantile function of | X;| which is the inverse function of

t— P(|X]|>1).
Assume that L
/ a t(u)du < oo (2.10)
0
and )
/0 a1 (w)[Q(u)]*du < oo, (2.11)

where a~! is the inverse function of o defined by
a l(u) =inf{t: a(t) < u}.

Note that

[ o wieerans ([ o wieeran) ([ o o)

and hence the above two conditions imply that

1
/ o (w)[Q(u)]*du < oo. (2.12)
0
Then the following result holds.
Corollary 5 Forp=2
?tLZlH (W) asn — o0
" i ’
k=0

where Wy is a Brownian motion with EW; = 0 and cov(Ws, W) = (s At)a?/od,
08 = EX{ and 0? =37 cov (X1, X,,).

Let {X,,} be a centered strictly stationary sequence of random variables and
Z be the set of all integers. For T' C Z and S C Z define

p(MTaMS) = sup |COI'I‘(f,g)|7
f€L2(Mr),g€L2(Ms)

where
Mr=0(X;:i€T)and Mg=0(X;:i€85).
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Also define
p"(n) = sup p(Mr, Ms),

where the supremum is taken over all nonempty, disjoint subsets S and T of Z
satisfying dist(S,T) > n.
Assume that the sequence of random variables {X,,} satisfies

EX{ < o0 (2.13)

and
p*(n) — 0asn — occ. (2.14)

According to Bradley (1993), p*(n) — 0 as n — oo implies a(n) — 0 as
n — oo, where a(n) is the strong mixing coefficient. Also assume that

02 — 00 as n — 00, (2.15)
Then the following corollary of Theorem 1 holds.

Corollary 6 Forp =2
e}
D 1
vi—> 7 (W),
k=0
where Wy is a Brownian motion with EW; = 0, cov (Ws, Wy) = (s At)o? /o and

lim, o 02/n =0% >0 and 0} = EX?}.

Let S and T be two subsets of the set of all integers. For any two finite subsets
S* C S and T* C T define two random variables V' and W such that

V=> aX; and W= > bXy,
keS* keT*

where a;’s and by’s are real numbers. Define

cov (V, W)
r(S,T)= sup =22
($T)= (. 2 VLI

where the supremum is taken over all pairs of random variables V and W. For
every real number s > 1 define

r*(s) = supr(5,T),

where the supremum is taken over all pairs of nonempty disjoint subsets S and T'
of Z such that dist (S,T) > s (Bradley, 1992, pp. 356). Define

r* =r*(1).

The following result will be used to prove Corollary 7.
Let {X,} be a sequence of weakly stationary random variables. Then the
following two statements are equivalent:
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(i) 7(1) < 1 and r*(s) — 0 as s — o0,

(ii) X has a continuous positive spectral density on T’ C Z, T’ being of unit
length on real line (Bradley, 1992).

Again we define 7 (s) replacing X; by Xi(n) in r*(s) where

X" = X,I(1X,] < tn) — EX1I(1X1] < t,).
It is easy to see that
Ty — 71" asn — oo. (2.16)

Now we state the following result.

Corollary 7 Let {X,} be a strictly stationary ¢-mizing sequence of random vari-
ables with ¢(1) < 1. Assume that X1 has a continuous positive spectral density
and

H(a) = EX?I(]X1| < a) (2.17)

is slowly varying as a — oo.
Then for p =2 we get

oo
- D 1
Y — g HHk(Wt) as n — oo.

k=0

Here Wy is a Gaussian process with EWy =0 and cov (Ws, Wy) = 2((1+¢)/(1 —
¢))(s At), where —r* < ¢ < 1.

Now we shall study another closely related and interesting result for stationary
process in which the limiting distribution does not involve Hermite polynomials.

Theorem 3 Let {X,,} be a centered strictly stationary Gaussian process with
covariance function r(k) = EX1 X1, (k) = k~PL(k), 0 < D < 1, where L is
slowly varying at infinity.

Define

n
ot k Qt Tk
Yn - chsnk/wn27
k=0

where ¢, = n'/%0¢/d,, 0§ = var(X1), dy ~ n'L(n), 3 < H=1-D/2 <1

and L(n) is a slowly varying function at infinity. Note that d,, can be taken to be
var (Y1, X;) for large n (see Taqqu, 1975). Then

oop 1
k=0

where By (t) is a fractional Brownian motion.
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The following theorem is a generalization of the almost sure version of Teicher’s
(1992) result for infinite order U-statistics.

Theorem 4 Let c,;, be constants with c,2 = 1. If {ZF,an, 1<j<my, — oo}
is an array of random wvariables on a probability space satisfying for some p in
(0,2]

Sn .S.

cnp—1 &5 Zp asn — oo, (2.18)
Whp
Xn

cnp| il <1 as. forl<j<my,, forlarge n, (2.19)
Whp

and x: W
Wnp —0 or cpp Wn2 2% 0 asn — o0 (2.20)

according as p =2 or p < 2. Then as n — o0

=1
ZEH]C(ZF)’ fOT’pZQ,
a8 k=0

Zn )
ZEZIIE” for 0 <p<2.
k=0 """
We say that a sequence Z,, of random variables converges to O r-quickly for some
r >0 if
E(sup{n>1:|Z,| >¢€})" < oo for alle >0 (sup¢ = 0).
Obviously Z,, — 0 r-quickly for some r > 0 implies that Z,, — 0 a.s..

Next the following closely related result which in turn implies r-quickly version
of Marcinkiewicz-Zygmund strong law of large number for U-statistics will be dealt
with.

Theorem 5 Let {X,} be strictly stationary sequence of random wvariables such
that there exists > 1 and a positive integer m for which

sup P[|X1| > z, |X;| > 2] = O(PP[|Xy| > z]) (2.21)
i>m

holds as x — o0.
Also suppose that E|X;|P < oo, for some p >0 and choose « such that

pa > max{(fp + 1), 8/(8 - 1)}.
Define

n

= 2 (Snu/mt

Then as n — co we get Zn — 1 (pa — 1)-quickly.
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3 Proof of main theorems

Proof of Theorem 1 Write

My

k=0 1<i)<-<ip<[mnt]

[mnt]
= H (14 Xnj/Wh2). (3.1)
j=1
Since M < 1for 1< j < m, and for large n, taking logarithm on both sides
of (3.1) v(fle2 get
[mnt] 1 [mant]
log V! = 3 (Xag/Waz) = 5 S (X2, /Wh) + 20 (t), (32)
j=1 j=1

where
[mnt]

len(®)] < Y 1 Xns PP/ Wity < (X3 /Wa2).
=1
Hence by (2.3) it follows that j
en(t) L 0asn — oo uniformly in ¢,0 < ¢ < 1.
Thus by (2.1), (2.2) and (3.2) we have
log Y! 2, AR %t as n — 0o,
ie.

1
Ytgexp<Z}§t> as n — oo

n

and the result follows.

Proof of Theorem 2 Write

Mn
Zn = Y K (Xniy - Xniy /W)

k=0 1<i1<---<ip<mn
m
n X .
H@+%4ﬁ~ (3.3)
=1 Wap

| Xy

Since (2.5) entails ¢y < 1as. for 1 <j < m, taking logarithm on both

np
sides of (3.3) we get

My )
j=1 Xnj

ns 34
S e (3.4

log Z,, = cpp
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where

lenl <D b (1Xns P/ Wip) < (cnpWaz/Wap)*. (3-5)

j=1
Hence by (2.6) it follows that
P
en — 0 as n — oo.

Thus by (3.4) and (2.4) we get

log Z, 4, Zp as n — 00,

ie.
Zy, <, exp(Zp) as n — oo

and the result follows.

Proof of Theorem 3 Write

[nt] o X
Y;H(u o J). (3.6)
j:1 WTLQ
X
Since M < 1for 1 < j < n and for large n and since ¢, = o(1) we have for
n2

X.
1argenM<1f0r1§j§n.
Wn2
Taking logarithm on both sides of (3.6) we get

[nt]

. X,
logV,! = ch~—] + en(t), (3.7)
j:1 Wn2
where .
len(t)] §ZC%XJ2/W32 <2 —0asn— oo, (3.8)
j=1
[n]
Since T Z X L2, By (t) as n — oo (see Taqqu, 1975) the theorem follows from

ergodicity, (3.7) and (3.8).
Proof of Theorem 4 The proof is similar to that of Theorems 1 and 2.
Proof of Theorem 5 Write

Zn = ﬁ <1 + nX—a) . (3.9)

=1
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Let us observe that since ap > 8/(8 — 1) > 1, for any € > 0 we have

> E|X, P 1
E P(|Xy| > ei®) < o E or < 0.
=1 1=1

Hence by Borel-Cantelli lemma
|X;| <ei® <en® as. forn>i> some N, N < oco.

Since

. L X;

1
lim Z, = lim 11 (1 + ﬁ) :
i=N
. . | X5 )
without loss of generality, we can assume —— < 1 a.s. for all i < n.
n

Taking logarithm we get from (3.9)
n
log Z,, = ZXi/na + €n,
i=1

where

K3
fenl < ZnTO‘ = <1<z<n ne > Z Z pa 5
i=1 im1

=1
and hence by (3.10)

3

|10g2n| <2

By Theorem 1.(i) of Lai (1977) we have
n
s
nCE
i=1

and hence by (3.11) the result follows.

(pa — 1)-quickly as n — oo

4 Proof of corollaries
Wio

117

(3.10)

(3.11)

Proof of Corollary 1 Since ¢,, = o(1) and W— <1,p <2 (2.5) and (2.6)

hold immediately. Also (2.4) holds by Csérgo and Horv’ath (1988) and hence the

result follows from Theorem 2.

Proof of Corollary 2 From Donsker’s theorem and SLLN it follows that the
limit of S!, /W2 is a Brownian motion with EW; = 0 and cov (Wy, W) = s A t.

Consequently (2.1) holds.
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Let DJ[0,1] be the space of right continuous functions on [0, 1] endowed with
Skorohord topology p. Write

il x2 il x2 tEX? tEX?
p<§%_1){2’t> p<21_1 i/n 1 +p< 1 t)
=11

B Y X7 n X X i XP/m
= I+ 11, say. (4.1)
By WLLN
IT < su t< EXT 1>'< EX} 1‘ L 0asn— oo (4.2)
—n w2/ S s 2 Y — — 0. .
B 0§t21 Y X7 /n i X7

By WLLN and maximal inequality

SM(x2 - Ex})/n
Z?:l XZQ/”
[nt]

1
=1 "¢ SIS =1

sup
0<t<1

(see Mandrekar and Rao, 1989, pp. 274).
Thus by (4.1), (4.2) and (4.3) we have

(n1] 52
p(%,t) — 0asn— oo
1= 7

and hence (2.2) holds.
Now

E(X%loglog |X1])
=2(log log(cv))

Hence by SLLN (2.3) holds and the corollary follows from Theorem 1.

— 0 asn — oo.

PX: > i) < 3 P(X] > evi) <

Proof of Corollary 3 Define 7 = (2, 0{X,, X;41,...}. Since

1 < d 9
_in — N(0, E(X7{|7)) as n — o0
=

and following Kingman (1978) we get

1 n
= E X2 2% B(X?|7) as n — o0,
n

i=1
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it follows that

Snl

d
— — Z asn — oo
n2

and hence (2.1) holds.
Also since E(X%loglog|X1]) < oo, (2.3) holds by Kingman (1978) and the
corollary follows from Theorem 1.

Proof of Corollary 4 By Theorem 4.2.1 of Zhengyan and Chuanrong (1996) and
ergodicity

gt

?”1 2, Wi as n — oo

Wn2

and hence (2.1) holds.

By (2.7) we have P(X} > ey/n) — 0 as n — oo for arbitrary € > 0 and hence
(2.3) follows from ergodicity.

Now note that following the proof of Theorem 4.2.1 of Zhengyan and Chuan-
rong (1996) we have for arbitrary ¢ > 0

[n1]
P | sup Z(X]?fEXf) >eo2 | - 0asn — oco. (4.4)

0<t<1 |5

Thus (2.2) holds by ergodicity and (4.4) and hence the corollary follows from
Theorem 1.

Proof of Corollary 5 Since (2.12) holds, by Theorem 1 of Doukhan, Massart
and Rio (1994) and ergodicity we have

St
onl D, Wi as n — oo
Wn2

and hence (2.1) holds.
Note that since a~!(u) > 1 condition (2.11) ensures that fol [Q(u)]*du < oo,
ie.
E|X;* <. (4.5)

Thus by (4.5) we have P(X; > ey/n) — 0 as n — oo and hence (2.3) holds by
ergodicity.

Now write X! = X2 — EX?, {X/} being centered strictly stationary strong
mixing process with mixing coefficient a,, by (2.11) and following the proof of
Theorem 1 of Doukhan, Massart and Rio (1994) we have

[nt]

P | sup ZXZI >en | —0asn— oco. (4.6)
0<t<1 |
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Thus (2.2) follows from (4.6) and ergodicity. Consequently the corollary holds
from Theorem 1.

Proof of Corollary 6 By Corollary 2.1 of Peligrad (1998) and ergodicity

Stop
L 2L W, as n— oo

n2

and hence (2.1) holds.
By (2.13) for arbitrary € > 0 we have P(X} > ey/n) — 0 as n — oo and hence
(2.3) follows from ergodicity.

Write
[nt]

Sut) =S (X2~ EX?), 0<t<L.

i=1
By (2.13), (2.14) and Proposition 2.1 of Peligrad (1998), supg<;<; SU2(t)/n is

uniformly integrable and hence for arbitrary € > 0,
P < sup |S;,(t)] > 5n> —0asn— o0. (4.7)

0<t<1

Thus (2.2) follows from ergodicity and (4.7) and hence the corollary follows from
Theorem 1.

For the proof of the next corollary of Theorem 1 we state the following result
which can be derived from equations (3.2) and (3.3), Lemma 3.1 of Bradley (1988)
and Lemma 7 of Bradley (1992).

Lemma 1 (A variate of lemmas of Bradley, 1988 and 1992.) Defining

1
tn = sup{t >0:t2H(t) > —}

n
we have
t2 =nH(t,) as n — oo, (4.8)
t, — 0o monotonically, (4.9)
nP(|X1| > t,) — 0 as n — oo, (4.10)
nE(|X1|I(|X1]| > tn) = o(tn) as n — oo, (4.11)
E|X1 | T(|X1| < tn) = o(nH?(t,)) as n — oo. (4.12)
Proof of Corollary 7 We shall show that
Z—’Llasnéoo. (4.13)
t2

i=1 "
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Now note that

1 & 1 < X
2 n
XX > 1) < (az X1, > m) (32):

n =1 i=1 n

By (4.10) and (4.11) it follows from (4.14) that

t n
t—22Xi2]ﬂXi| > t,) L, 0asn— .

i=1
Hence it is sufficient to prove that

2 XPI( X[ <tn) P

— 1 as n — oo.
t2
n

Define
Vi = XPI(|X,| < tn) — EXZI(|X| < tn)

and
n

S =3"y,.

i=1

By Lemma 1 of Bradley (1992) and (4.12) it can be shown that
o(tt) < E|S™ 2 < o(t}).

Now by Central Limit Theorem for ¢-mixing process we have

EIS®™)| ~ ‘g‘—m JEIS™P.

Hence by (4.17) we get
o(t2) < E|S™| < o(t2) as n — .

Thus we have

S| p
— 0asn— oo
12
n
and hence (4.16) and consequently (4.13) hold.
Now write
bn=E|> X;
i=1

We want to show that

121

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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where —r* < ¢ < r*.

Note that
E Z{XJOXH <tn) - E[X;I(|Xi] < tn)]}‘
i=1
n
—E Y AXI(1Xi| > tn) = E[X:I(|X;] > tn)]}] < bn
i=1
<E Z{Xif(|Xi| <tn) — E[XGI(|X:] < tn)]}‘
i=1
n
+E Z{XiI(|Xi| > t,) — B[X (| X;] > tn)]}‘ . (4.20)
i=1
By stationarity and (4.11) we have
n
B> AX(X:| > tn)}| = o(t,) as n — oco. (4.21)
i=1

By Lemma 1 of Bradley (1992) and Central Limit Theorem for ¢-mixing process
we get for large n

(152 o) ~ B0 < 0]

< g E ;{XJGXJ <tn) = E[XGI(|Xq] < )]} 1
< <1f:" [nH (t,) — n(E[X0I(1 X1 < ta)])?] .
Hence
B XX < 1)~ B < m]}‘ T (2) wsn

(4.22)
where —r* < ¢ < r*.

Thus (4.19) holds from (4.20), (4.21) and (4.22).
Now by (4.13), (4.19) and Theorem 2.1 due to Peligrad (1990) we get

N St
St (b> D
- = £ — W; as n — oo.
= 6) ()
bn tn

W, is a Gaussian process with EW; = 0 and cov (Wy, W) = (%) (}—4_'2) (s At),
where —r* < ¢ < 7* and hence (2.1) holds.
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By Proposition 3.2 of Peligrad (1990) we get

o)
P sup |3 [XPI(Xi| < tn) — B(XZI(|X0| < 10))]| > et
0<t<1 |
1 2
< max B|SIXPI(X] < 1) — B(X2I(Xi] < 1)
~ g2t i<i<n ¢ = i =

and hence by (4.17) we get

2

[nt]
ZX?I(|X¢| <tn) Lotasn— oo, uniformly in ¢, 0 <t < 1. (4.23)

no=1

1

By (4.15)

1
= ZXEI(|X¢| > tp) .0 as n — oo, uniformly in t, 0 <t < 1. (4.24)

[nt]

noj=1

By (4.13), (4.23) and (4.24)

S X2

W — tasn — oo, uniformly in¢, 0 <t <1,
1= 3

and hence (2.2) follows.
Now let £ > 0 be arbitrary but fixed. Then by (4.10) we get

P(X) > et,) — 0asn— oo.

Hence (2.3) holds and the corollary follows.

5
(1)

(2)

Concluding remarks

The condition (2.2) is superfluous in case of non-functional version of The-
orem 1.

We have assumed in Corollary 7 that X; has a continuous positive spectral
density to apply Lemma 1 of Bradley (1992). Our conjecture is that this
can be relaxed.

Corollary 7 may be extended for random field as well. Suppose d is a positive
integer and X = (X,, : n € Z%) is a centered, strictly stationary, non-
degenerate random field such that H(a) = EX?I(]X1| < a) is slowly varying
as a — 00, p*(1) < 1 and p*(s) — 0 as s — oo, where p* is a “unrestricted
mixing” coefficient. Then similar result may be obtained using Bradley
(1992).
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