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Abstract: In this paper we present some large deviation results for com-
pound Markov renewal processes. We start studying the exponential decay
of level crossing probabilities as the level goes to infinity. Furthermore we
consider a technique called importance sampling to estimate a level crossing
probability by Monte Carlo simulations when the level is large; in particu-
lar we find an asymptotically efficient simulation law according to a sense

specified in other works on the same topic.
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1 Introduction

The aim of this paper is to present some large deviation results for level crossing
probabilities concerning a quite natural extension of the classical compound Pois-
son model used in insurance (see e.g. the books of Asmussen (1987) and (2000);
for some more details in this paper see Remark 2.1.

In order to do that let us start by considering two independent discrete time
Markov additive processes ((Jn,Sn)) and ((J,,Sn)) (for the concept of Markov
additive process we refer to the presentation in the book of Asmussen (2000)),
where the environments (J,,) and (jn) are irreducible Markov chains with finite
state spaces.

Moreover we assume that the random variables (S, — S,,—1) are almost surely
positive and let (N;) be the counting process with interarrival times (S, — S, —1);
then

Ny
Sn, =Y Sn (where N;:=)1lg,<) (1.1)
n=1

n>1

is a compound Markov renewal process (and (Ny) is a Markov renewal process).
We point out that compound Markov renewal process is a generalization of
compound Poisson process (for details see again Remark 2.1 in this paper).
The first result in this paper gives the exponential decay of the level crossing
probabilities (p(b))s>0 in the fashion of large deviation theory (here b is the level).
The second result deals with a technique called importance sampling for the
estimation by Monte Carlo simulation of p(b) when b is large. Roughly speaking
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the idea of importance sampling is the following. Let us consider an unbiased

estimator [p(b)]g of p(b) (called importance sampling estimator) which depends
on the simulation law @ and, if we keep a fixed relative precision for [p(b)]q,
the number of simulations can grow exponentially with . Our aim is to find a
simulation law @) with respect to which this fact can be avoided; in order to do that
we have to check the limit (3.8) and, if (3.8) holds, @ is said to be an asymptotically
efficient simulation law. Then the second result in this paper consists of proving
that a suitable law is asymptotically efficient for simulation. Here we do not deal
with the problem of the uniqueness of the asymptotically efficient simulation law.

The propositions in this paper have some analogies with the results in some
other papers in the literature on the same topic. The first works in the literature
are the papers of Lehtonen and Nyrhinen (1992a) and (1992b) which deal with
the discrete time case. For the continuous time case a similar work is the paper of
Baldi and Piccioni (1999), even if the presentation of some items is different. A
more recent work of Collamore (2002) deals with a multidimensional level cross-
ing problem. Finally we also cite the papers of Asmussen and Nielsen (1995),
Sadowsky (1996) and Macci (2001).

The proofs of the results in this paper are similar to the proofs of the analogous
results in other papers on the same topic. In particular some upper bounds are de-
rived by choosing a suitable exponential change of measure in a family depending
on one parameter. On the other hand, when one deals with compound Markov
renewal processes, it is natural to consider a product between two exponential
changes of measures, so that we have a family which depends on two parame-
ters (see eq. (3.4) in this paper). The author thinks that the main interesting
fact concerning the proofs presented in this paper consists to consider a suitable
subfamily which depends on only one parameter (see (3.5) in this paper).

The results in this paper are presented in Section 3 after some preliminaries
in Section 2.

2 Preliminaries

In this section we present some preliminaries. Subsections 2.1 and 2.2 are devoted
to recall some preliminaries on Markov additive processes. In Subsection 2.3 we
present conditions (H1) and (H2) which allow to define the compound Markov
renewal processes. Moreover in Subsection 2.3 we also present (H3); this condition
plays a crucial role to prove the large deviation results in this paper.

2.1 Generalities on Markov additive processes

Set £ ={1,...,m}, let J = (J,) be a E-valued Markov chain called environment
and let (pij)i jer be the transition matrix of J. Then ((Jn,S,)) is a Markov
additive process if (S,) is a real valued sequence of random variables such that
So =0 and

Sp=Y1+-4Y, (n>1) (2.1)
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where, given J, (Y},) is a sequence of i.i.d. random variables and, in general, the
conditional distribution of Y}, given J depends on (Jx_1, Jx) only. In view of what
follows we denote the conditional distribution of Y} given (Jx—1,Jx) = (i,5) by
H;; and the corresponding moment generating function by ﬁ”

A reference for the presentation above of Markov additive processes is the book
of Asmussen (2000, chapter 2, section 5, discrete time case at page 40). We also
cite the paper of Grigelionis (1994, section 2, Corollary 1) in which the sequence
(S,,) takes values on a general Hilbert space. Section 5 in chapter 2 in the book of
Asmussen (2000) deals with a general presentation of Markov additive processes
in which the set E could be not finite; large deviation results for this general
situation can be found in the paper of Iscoe et al. (1985).

Assume that J is irreducible. Then, for each fixed @ € R, we can consider the
matrices F(a) = (Fij(@))i jer defined by

Fij(a) =E[e®'1,-|Jo =] (Vi,j € E).

The entries of these matrices could be infinite when o # 0 (when o = 0 the entries
are finite, indeed the matrix F'(0) coincides with the transition matrix of J) and
the latter is equivalent to

Fl(a) = ﬁij(a)pij (Vl,] S E)

Thus, as far as the family of the moment generating functions (H;;) is concerned,
we remark that some pairs (i,7) can be neglected; indeed we can restrict our
attention on the pairs (¢, j) such that p;; > 0. Moreover, if we consider the n-th
power F™(a) = ((F™);j())ijer of F(a), we have
(F™)ij(a) = E[e*" 1y, —Jo =] (¥i,j € E).
Now let us consider the set
D:={aeR: Fj(a) <o (Vi,j € E)}

and let n > 1 and « € D be arbitrarily fixed (we point out that D is not empty
since 0 € D). Then we have the following facts.

e Perron Frobenius Theorem provides the existence of a simple and positive eigen-
value e*(®) of the matrix F(a) equal to its spectral radius and

> (FM)is(@)hi(@) = e hi(a) (Vi,j € E)
JEE
where (h;())icr is an eigenvector with positive components, unique up to a

positive constant.
e For any initial distribution for J (namely for any distribution of Jy) we have

E[e*S") = Y E[e*|Jo =il P(Jo = i) = Y (Y Ele**"Ly,—;|Jo = i) P(Jo = i),
i€E i€E jEE
whence we obtain
ZiEE h’i(a)P(‘]O = Z) enn(a)

ZiEE hl(a)P(JO = Z) en/{(a)
maX;cp hj(Oé)

minjEE hj (Oé)

< E[e®S] <
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2.2 A class of conjugate laws for Markov additive processes

In this subsection we present a class of conjugate laws (Pa)a:x(a)<oo defined as
follows. For each fixed o € D we have that P is absolutely continuous with respect
to P, on each finite time interval {0,1,...,n} and the corresponding density ¢2>F=
is
—aSp+nk(a) h’JO (Oé)

hy, (@)

Then (see e.g. Proposition 5.10 and Theorem 5.11 in the book of Asmussen, 2000,
pages 44-45) ((J,,S,)) is again a Markov additive process under each P, with

Ef’P‘* =e

transition matrix (pl(-?))i,jeE for (J,,) defined by

(o) ._ Fij(a)h;(a)

i T Tenl@) ()
and distributions (Hz(ja )) (which play the role of (H;;) under P) defined by

HO (da) =~ H,,(do).
ij (dx) () (dz)

J

Furthermore, by Proposition 4.1 and by the first part of Lemma 4.2 in the paper
of Iscoe et al. (1985) applied with respect to each P,, we have

Sn
lim o= K'(a) P, as.; (2.2)
the first part of Lemma 4.2 in the paper of Iscoe et al. (1985) follows from a result
in the book of Revuz (1975, Theorem 3.6, page 123). Finally we point out that
Py=P.

2.3 Compound Markov renewal processes and hypotheses

The following hypotheses play a crucial role in the construction of compound
Markov renewal process:

(H1): ((Jn, Sn)) and ((Jn, Syn)) are independent Markov additive processes.
(H2): the distributions (H;j;) are concentrated on ]0, o0ol.

All the items concerning ((jn,gn)) will be denoted with obvious notations:
for instance I:IZ-]- is the distribution which plays the role of H;; when we have
((Jn, Sn)) in place of ((Jn,Sn)).

We point out that the random variables (Y;,) in (2.1) can be seen as the
interarrival times of a Markov renewal process (N;); thus, following the lines of
the Introduction and by also taking into account (H1), the process (Sy,) defined
by (1.1) is called compound Markov renewal process.

Remark 2.1 First of all we remark that (Sy,) is a compound Poisson process
when the distributions (H;;) are all the same exponential distribution and the
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distributions (H;;) are all coincident. Furthermore, in order to explain our interest
for (S‘ N, —ct), we can say that this process is a generalization of the claim surplus
process (and (u + ¢t — Sy,) is the risk reserve process, where u is the initial
reserve; see Asmussen, 2000, page 1) concerning the compound Poisson model
(see Asmussen, 1987, pages 111 and 280); indeed we have the compound Poisson
model when (Sy,) is a compound Poisson process and the coincident distributions
(H;;) are concentrated on ]0, oo|.

We remark that (S,) is nondecreasing (almost surely) by (H2); then the
restriction of x on D is an increasing function and we can consider the inverse
function k! of k.

In view of the large deviation results in this paper, we need to present the next
condition (H3) inspired by Theorem 1 of Glynn and Whitt (1994).

(H3): (J,)) and (J,,) are irreducible; let us consider the function W, (-) = —k~1(—(-))
and we have

1
lim ~logE[e®M] = U, (a) (Yo €R);
t—oo t

U, (k(+)) 4s finite in a neighbourhood of the origin o = 0, essentially smooth and
lower semicontinuous.

When we say that U, (%(+)) is essentially smooth (see e.g. Dembo and Zeitouni,
1993, Definition 2.3.5, page 44) we mean that the set {& € R : U (R(&)) < o0}° is
not empty (where the symbol ° means the interior), ¥, (&()) is differentiable on
this nonempty set and U, (%(-)) is a steep function (namely lim, o [P’ (R(ar))
R'(an)| = oo for any sequence (ay,) converging to some boundary point of {& €
R: U, (k&) < o0}).

We point out that we have an essentially smooth function when the function
is finite (namely assumes finite values) and differentiable. An illustrative class of
examples such that (H3) holds is the following simplified situation: the distribu-
tions (H;;) are all the same exponential distribution (with parameter A > 0) so
that | \ ‘ \

og == for «
k(a) = { oog A-a for o ; 5 and ¥, (a) = A(e® —1);

the distributions (H,;) have finite moment generating function (namely E[e®X] <

oo for all & € R when the distribution of the random variable X is H;;). For
several commonly used distributions (Binomial, Poisson, Gaussian and so on) we
have a finite moment generating function; on the contrary this does not happen
when we deal with exponential or Gamma distributions. Anyway (H3) holds

again if some of the distributions (H;;) is exponential or Gamma.

3 The results

Our results concern the level crossing probabilities (p(b))ss0 of (S, — ct), where
¢ > 0 is a suitable constant as before (here b is the level); in detail we set

p(b) = P(Ty < 00) where Ty =inf{t >0: Sy, —ct > b}.
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Since % converges to some finite limit (this will be precised with eq. (3.3) below),
we need to consider ¢ large enough in order to avoid the trivial case p(b) = 1 for all
b > 0; indeed, when c is large enough, we have S N, —ct — —oo and then the level
crossing can fail with positive probability. More precisely, as a comment of hy-
pothesis (H4) below, we shall see that we have to consider ¢ > ¥/ (%(0))%’(0). In
Subsection 3.1 we provide the exponential decay for p(b) as b — oo in the fashion
of large deviation theory. In Subsection 3.2 we consider a technique called impor-
tance sampling for the estimation by Monte Carlo simulations of p(b) when b is
large; more precisely, after recalling all the preliminaries on importance sampling,
we prove that an admissible law is asymptotically efficient for simulations.

3.1 Estimates for level crossing probabilities

Let us start with the following Lemma.

3w,
t

Lemma 3.1 Assume (H1)-(H3) hold. Then (
function I defined by

I(x) = ilé%[ax — ¥, (R(a))] (VzeR).

) satisfies the LDP with rate

This means that I : R — [0, 00] is a lower semicontinuous function and we have

1 S

lim inf — log P( M e 0) > — inf I(x) (VO open) (3.1)
t—oo t t zcO

and

1
lim sup i log P(SN” eC)<— infCI(x) (VC closed).

t—o0o t xre

Proof. We want to apply Gértner Ellis Theorem (see e.g. Dembo and Zeitouni,
1993, Theorem 2.3.6, page 45) so that we have to check

t—o0

lim %ng[eaf‘?M] =T, (7(a)) (Va€R). (3.2)

Then let & € R and n > 1 be arbitrarily fixed. Then let us start with the following
equality which follows from (H1):

Efe*] = E[E[e™5"]n=n, .
Moreover, arguing as in Subsection 2.1 for (S,,) in place of (S, ), we have

ZiGE hz(a)]?(Jo - Z) enfi(a) < E[eaén] < ZiEE hl(a)P(JO - Z) ni(a)

max; .z hj(a) min, g hj(a)

(with the obvious change of notation), whence we obtain

ZiEE ﬁl(a)P(jO - i)E[eNtR(a)] < E[eaS'Nt] < ZiEE BZ(Q)P(jO - Z)

max, ; ﬁj(a) o min; izj(a)

E[GN”%(O()]
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and (3.2) follows (H3). ¢

Now let us consider the family of product measures (P, ® Ps), varying (a, @) €
R? such that k(a), (&) < co. We pointed out above (2.2) whence we obtain

N, 1
lim — = —— P, as.;
t—oo [Q’(a)

this can be seen as a consequence of the LDP for the inverse processes (under
each P,) in the paper of Glynn and Whitt (1994). Then, by also taking into

account (2.2) for (S,,) in place of (S,), the trivial equality % = STN;% and
lim; o Ny = 0o (almost surely), we obtain
A ) 5
tlggo r e P, ® Pj as.. (3.3)
The following densities
(PPagP s _ o~ (aSutauyin(ato) (@) 1a(@) 17,(8) (3.4)

hy, () h i (@)

of P ® P with respect to P, ® Ps play a crucial role. This family of densities
depends on the pair (o, &) and, in order to use the methods in the proofs of
similar results in the literature, we need to consider a family of densities which
depends on only one parameter. Then we shall consider the family of conjugate
laws (Qa)a:i(a)<oo defined as follows:

Qa = Pai(—i(a)) @ Pa = Py, (x(a)) ® Pa- (3.5)

When we consider each law of the family (Qa)a:z(a)<oo in (3.5), the density in
(3.4) will be denoted by ¢£:?a and we have

>
]
o)

(@)
)
There are some (almost sure) inequalities which are useful in what follows. If
we set o B
hi( 0 (3(8))) F(a
hj (=¥ (R(a))) hy(a)

(PQa _ o~ (~Vu(R(@)Su+aS,) Mo
" h,(

(=)

— Vi (R(®))
— U (k(a)))

K

jox
>

jo)

JA

>
1

N

M (&) = max{ i,j€E, i,j € E},

1

we have B
(PR < M(a)e (TUr(R(@)Sn+aSn), (3.6)

Moreover, by construction, we have Sy, <t which implies

—(Sn, —¢Sn,) < —(Sn, — ct) (for any ¢ > 0). (3.7)
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Finally let us consider the following hypothesis which is the analogous of (A3)
of Lehtonen and Nyrhinen (1992b):
(H4): there exists w > 0 such that ¥ (k(w)) —cw = 0 and ¥/ (R (w))& (w) —c > 0.
We point out that (H4) implies the existence of a positive zero w for the convex
function

Ac(a) = Ui (R(a)) — ca

and moreover Al (w) > 0. Thus, since A.(0) = 0 follows from £(0) = 0 and
U,.(0) = 0, the derivative of A, at the origin is negative; then we have 0 >
AL(0) = W/ (0)&'(0) — ¢, which is equivalent to ¢ > ¥/ (0)%'(0). We also remark
that, if (H4) holds, the level crossing can fail with positive probability; indeed we

have S, ’(0) < 0. Finally we point out

t ~
the following simple equality concerning @Q.,, namely Q,, = P_, ® Py,.

Proposition 3.2 Assume (H1)-(H4) hold. Then limp oo § logp(b) = —w.

Proof. The limit follows from the 1ower bound
hm mf 5 1ogp(b) > —w

and the upper bound

lim sup — 1ogp(b)
b—oo b

For the lower bound we use a standard procedure based on the lower bound

for the open sets (3.1) for the LDP of (%), for instance see e.g. Lemma 2.1 of
Duffield and O’Connell (1995) which deals with a more general situation. For all
x > 0 we have

liminf — 5 logp(b) > hm 1nf ; 1og P(Sy,, —cxb > b) >

b—o0

I(%‘l’C)
T

b y>4 lic z

where the latter equality follows from the continuity of I. Then the lower bound
I(3+0)

Sn
>xhbrggng10gP( x“’ > = —|—c) —z inf I(y) =

holds by taking inf,~q which is equal to w and it is attained when % =

Al (w) (this is the same situation in the proof of Theorem 1 of Lehtonen and
Nyrhinen (1992a) and in the proof of Theorem 3.1 of Lehtonen and Nyrhinen

(1992b)).
For the upper bound let b > 0 be arbitrarily fixed. Then
p(b) = Eplln,<cc] =Eq, [lxy " 11,<00] <0
< Eq,[M(uw )e*““(“(””SNTb*”SNTb>1T,,<oo1:
= M(w )EQw[ Vo (R(w ))*cw)SNTb*w(SNTb*cSNTb)lTKOO] < (H4) and (3.7)
< M()Eq, e "1y, o] < M(w)Eq, [ 17,<00] =
)

M(w)e ™ Q. (T), < o).
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In conclusion we have p(b) < M (w)e~™? for all b > 0 and the upper bound holds.
¢

Remark 3.3 In view of what follows we need to show that Q., (T, < 0o) =1 for
all b > 0; this means that @,, is an admissible law in some sense (this will be
explained in the next subsection). In order to do that we point out that (3.5),
(3.3) and ¥/ () = m provide

fi S R(w)
(=R (w)))

imse £ R(k = U (R(w)F (w) Qu as.,
where Wy (F(w))r'(w) > ¢ by (H4). Thus gNt — ¢t — oo under Q.

3.2 Importance sampling

In this subsection we show that @Q,, is an asymptotically efficient simulation law
when we use a technique called importance sampling for the estimation by Monte
Carlo simulations of p(b) when b is large (Proposition 3.3). In view of this we need
to recall some preliminaries on importance sampling adapted to the framework of
our interest and, in particular, the concept of asymptotically efficient simulation
law.

Let us suppose we want to estimate p(b) (for a fixed b > 0) by Monte Carlo

simulation. 17", ... 7

tions of (Sy, —ct) under the law P, an unbiased estimator is the relative frequency

are the values of T}, concerning R independent replica-

p(b) of the level crossings:

— 1 R
p(b) = & Z; 1Tb(i)<oo'

By Proposition 3.2 this Monte Carlo approach needs R growing exponentially
with b to keep a fixed relative precision; indeed the relative precision of p(b) is

1 /p(d)(1—p(b))
p(b) R '

Furthermore the simulation time under P is not finite when the level crossing does
not occur.

Thus, in order to overcome these troubles, the idea is to consider R independent
replications under another law () chosen in a suitable way. First of all ) is such
that P is absolutely continuous with respect to @ locally on the event {T}, < oo}
and an unbiased estimator is

R
— ]_ P,Q
p(d)le = % EeNTé” Ly oo
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where in general ﬁﬁ’f is the local density of P with respect to Q.
b
Furthermore we choose @ in a class of admissible laws; this means that Q (7} <
o0) = 1 for all b > 0, so that we have finite time in simulation almost surely. The

choice of () will be done in order to minimize in some sense VarQ[[@]Q], which
is equal to
— Eq[(fxg )*11,<00] = P*(D)
Varg[[p(b)lo) = ———

In conclusion we can restrict our attention on the second moment Eqg[(£5; N, )21, <oo]
and, since Q(Tp < 00) = 1, this second moment can be rewritten as IEQ[(ENE) ]
b

The problem of minimizing Eq[(¢; Q) 17,<c0] for a fixed b is often intractable.

Moreover, since in the applications we are interested in large values of b, in order
to use standard features on large deviation theory we concentrate our attention
on

hmmf - logIEQ[(ﬁ ) 17, <ool;
then the next lower bound easily follows from Jensen inequality and Proposition
3.2:

librninf - 1ogIEQ[(€ ) 17y<o0) >

. . ]- 2 P,Q . . ]- 2
> hgérolf b log EG, [ENTb 17,<oo) = hbrggolf b log(p(b))* = —2w.

In conclusion an admissible law () is said to be an asymptotically efficient
simulation law if

blim 5 logEQ[(ﬂ ) 17, <oo] = —2w; (3.8)

indeed, if R is chosen to guarantee a fixed relative precision

1 WEQ Fincel - PO

of [@]Q, R has chance of growing less than exponentially if and only if (3.8)
holds.

Proposition 3.3 Assume (H1)-(H4) hold. Then Q. is an asymptotically effi-
cient simulation law.

Proof. First of all @), is an admissible law by Remark 3.3. Then we have to
check the limit (3.8) with @ = Q.,, which follows from the lower bound

hmmf - logEQw[(ﬁﬁ’g“’)QlTKm] > —2w
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and the upper bound

. 1
lim sup 3 logEq,, [(611\3,’2“’)21Tb<00] < —2w.

b—o0

The lower bound holds because this lower bound has been proved above for any
admissible law. The upper bound is proved below and the procedure has some
analogies with the proof of the upper bound in Proposition 3.2; indeed for all
b > 0 we have

—2(—V . (R(w))S w8
Eq, [(h2" 11, <00) <®O) Bg, [(M (w))2e 27 RN S, 008n 1y ] =

. (M('LU))QEQw [ez(xym(,a(w))fcw)sNTbfzw(SNbecsNTb)lTb@o] < (H4) and (3.7)

< (M(w)*Eq, [e 2™ =T 1y, ] < (M (w))*Eqy [e 2" 1r, <o) =

w

= (M(w))?e™*"* Qu (T} < 00) < (M(w))?e™ "

and the upper bound immediately follows. {
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