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aCopula asso
iated to order statisti
sUlisses U. dos Anjos, Nikolai Kolev and Nelson I. TanakaUniversity of Sao PauloAbstra
t: We exhibit a 
opula representation of the (r, s)�th bivariateorder statisti
s from an independent sample of size n. We give 
onditions whensu
h a representation 
onverges weakly to a bivariate Gaussian 
opula. Are
urren
e relationship between the density of the order statisti
s is presentedand related Fré
het bounds are given. The usefulness of those results arestressed through examples.Key words: Bivariate binomial, 
opula, Fré
het bounds, normal asymp-toti
s, order statisti
s.1 Introdu
tionCopulas are important in statisti
al modeling sin
e they 
onne
t the marginal dis-tributions to restore the joint distribution, or as typi
ally explained �a 
opula 
ou-ples a joint distribution fun
tion to its univariate margins�, see e.g. Nelsen (1999,p. 15). The 
opula theory has an in
redible evolution during the last de
ade,motivated by its appli
ation in probability theory, statisti
s, �nan
e, insuran
e,e
onomi
s, see for example Cherubini et al. (2004) and referen
es therein. Oneimportant dependen
e stru
ture in Statisti
s is the order statisti
s. In this paperwe bring some 
ontribution on the bivariate order statisti
 distribution based on
opula.At �rst, let us outline several basi
 fa
ts 
on
erning bivariate 
opulas. A two-dimensional 
opula is a fun
tion C : [0, 1]2 → [0, 1] su
h that(i) C(t, 0) = C(0, t) = 0 and C(t, 1) = C(t, 1) = t for all t in [0, 1];(ii) C is 2-in
reasing, i.e.
VC

(

[u1, u2] × [v1, v2]
)

:= C(u2, v2) − C(u1, v2) − C(u2, v1) + C(u1, v1) ≥ 0,for all u1, u2, v1, v2 ∈ [0, 1] with u1 ≤ u2 and v1 ≤ v2. Alternatively, 
opulas 
an bede�ned as follows: Let X and Y be 
ontinuous random variables with distributionfun
tions F (x) = P (X ≤ x) and G(y) = P (Y ≤ y), and joint distribution fun
tion
H(x, y) = P (X ≤ x, Y ≤ y). For every (x, y) in [−∞,∞]2 
onsider the point in
[0, 1]3 with 
oordinates (F (x), G(y), H(x, y)). This mapping from [0, 1]2 to [0, 1]is a 
opula.Both 
opula de�nitions are 
onne
ted by the following basi
 theorem, e.g.Sklar (1959), whi
h also partially explains the gist of 
opulas.
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112 Ulisses U. dos Anjos, Nikolai Kolev and Nelson I. TanakaSklar's Theorem Let H be a two-dimensional distribution fun
tion with marginaldistribution fun
tions F and G. Then there exists a 
opula C su
h that H(x,y) =C(F(x),G(y)). Conversely, for any distribution fun
tions F and G and any 
opulaC, the fun
tion H de�ned above is a two-dimensional distribution fun
tion withmarginals F and G. Furthermore, if F and G are 
ontinuous, C is unique.Given a joint distribution fun
tion H with 
ontinuous marginals F and G, asin Sklar's Theorem, it is easy to 
onstru
t the 
orresponding 
opula: C(u, v) =
H(F (−1)(u), G(−1)(v)), where F (−1) is the 
adlag inverse of F , given by F (−1)(u)=
sup {x |F (x) ≤ u} (and similarly for G(−1)). Note as well that if X and Y are
ontinuous random variables with distribution fun
tions as above, then C is thejoint distribution fun
tion for the random variables U = F (X) and V = G(Y )whi
h are uniformly distributed on [0, 1], to be denoted hereon by U(0, 1).It is easy to show that if H is a bivariate distribution fun
tion with marginals
F and G, then max{F (x) + G(y) − 1, 0} ≤ H(x, y) ≤ min{F (x), G(y)} or, sin
e
H(x, y) = C(F (x), G(y)) , max{u + v − 1, 0} ≤ C(u, v) ≤ min{u, v}. Thoseinequalities are known as the Fré
het-Hoe�ding bounds.There are few results in literature relating the order statisti
s and asso
iated
opulas. The random variables max(X, Y ) and min(X, Y ) are the order statisti
sfor X and Y . Then, e.g. Nelsen (1999, p. 25),

P (max(X, Y ) ≤ t) = C(F (t), G(t))and
P (min(X, Y ) ≤ t) = F (t) + G(t) − C(F (t), G(t)).The above relations are generalized by Georges et al. (2001) as follows: Let

(X1, . . . , Xn) be a set of 
ontinuous random variables with Fi(x) = P (Xi ≤ x), i =
1, 2, . . . , n. Denote by Cn the asso
iated 
opula and let Xr:n be r-th order statisti
(1 ≤ r ≤ n). Then its distribution fun
tion Fr:n(t) = P (Xr:n ≤ t) is given by

Fr:n(t) =

n
∑

k=r

[

k
∑

l=r

(−1)k−l

(

k

l

)

∑

Cn(v1, . . . , vn)

]

, (1.1)where ∑ denotes summation over the set
{

(v1, . . . , vn) ∈ [0, 1]n | vi ∈ {Fi(t), 1},
n
∑

i=1

δ{1}(vi) = n − k

}with δ{1}(vi) = 1 if vi = 1, and 0 otherwise. It is not hard to see from (1.1), that
F1:n(t) = 1 − Cn(S1(t), . . . , Sn(t)),where Cn is the survival 
opula and Si(t) = 1 − Fi(t). We also note that

Xn:n = max(X1, . . . , Xn) and its distribution fun
tion is the diagonal se
tionof the multivariate distribution Fn:n(t) = Cn(F1(t), . . . , Fn(t)).



Copula asso
iated to order statisti
s 113We may also 
hara
terize other statisti
s whi
h are relevant in reliability, lifemodeling or risk analysis. For example, one 
ould be interested in the range
Xn:n − X1:n or subranges Xr1:n − Xr2:n for r1 > r2. However, in order to deriveexpli
it formulas, we need the joint distribution of Xr1:n and Xr2:n. In the 
aseof independent and identi
ally distributed random variables, Balakrishnan andCohen (1991) give more friendly formulas for the density. Nelsen (2003) found the
opula C1,n of X1:n and Xn:n:

C1,n(u, v) = v − [max{(1 − u)
1
n + v

1
n − 1, 0}]n.In the general 
ase, the problem is open. One solution is then to use MonteCarlo methods, as suggested by Georges et al. (2001). A re
ent study on thedegree of asso
iation of pairs of ordered random variables is provided Avérous etal. (2005).The purpose of this paper is to shed light in terms of 
opula on the dependen
estru
ture between r-th and s-th order statisti
s 
orresponding to n independentobservations from (X, Y ). In Se
tion 2 we give a 
opula representation of thejoint distribution fun
tion of r-th and s-th order statisti
s 
orresponding to Xand Y given the asso
iated 
opula C, as well as the related Fré
het bounds inthe last se
tion. We �nd in Se
tion 3 the asymptoti
 distribution in the 
asewhen r/n → λ1 and s/n → λ2 as n → ∞ su
h that 0 ≤ λ1, λ2 < 1 or λ1 = 0and λ2 = 1, the in
reasing rank 
ase in Barakat (2001). In Se
tion 4 we showa re
urren
e relation. The usefulness of results is demonstrated with numeri
alexamples.2 Order statisti
s 
opulaConsider a bivariate distribution fun
tion with 
ontinuous margins and n indepen-dent observations from the population (X, Y ). Let (X1, Y1), . . . , (Xn, Yn), n ≥ 2,be a sample from 
ontinuous distribution with 
opula C and marginals F and Grespe
tively. Let Xr:n and Ys:n be the order statisti
s of the sample, 1 ≤ r, s ≤ n.In this se
tion we �nd the 
opula CXr:n,Ys:n

asso
iated to the order statisti
s Xr:nand Ys:n as a fun
tion of C.De�ne, for ea
h pair (x, y) ∈ [−∞,∞]2

Rx =

n
∑

j=1

I{Xj ≤ x} and Ry =

n
∑

j=1

I{Yj ≤ y},where I{.} is the indi
ator fun
tion. Therefore, Rx ∼ Bin(n, p) and Ry ∼
Bin(n, q), with p = P (X ≤ x) = F (x) and q = P (Y ≤ y) = G(y).Sin
e F (x) and G(y) are 
ontinuous the pairs {(X1, Y1), . . . , (Xn, Yn)} 
anbe transformed into {(U1, V1), . . . , (Un, Vn)} by Ui = F (Xi) ∼ U(0, 1) and Vi =
G(Yi) ∼ U(0, 1). Therefore, p = F (x) = u and q = G(y) = v. Now, note thatfor all (u, v) ∈ [0, 1]2 for whi
h u = F (x), v = G(y), Ru =

∑n
j=1 I{Uj ≤ u} and

Rv =
∑n

j=1 I{Vj ≤ v} we get
P (Xr:n ≤ x, Ys:n ≤ y) = P (Ru ≥ r, Rv ≥ s) = P (Ur:n ≤ u, Vs:n ≤ v),



114 Ulisses U. dos Anjos, Nikolai Kolev and Nelson I. Tanakawhere Ur:n and Vs:n are r-th and s-th order statisti
s 
orresponding to n indepen-dent observations from (U, V ).Sin
e the joint distribution of (Ru, Rv) is bivariate Binomial, we have that
HUr:n,Vs:n

(u, v) = P (Ur:n ≤ u, Vs:n ≤ v) = P (Ru ≥ r, Rv ≥ s)

=

n
∑

j=r

n
∑

k=s

∑

m

n!θm (u − θ)
j−m

(v − θ)
k−m

(1 − u − v + θ)
n−j−k+m

m! (j − m)! (k − m)! (n − j − k + m)!
,where θ = P (U ≤ u, V ≤ v) = C(u, v) and m is the number of pairs (Uj , Vj) su
hthat Uj ≤ u and Vj ≤ v, j = 1, . . . , n, i.e., max(0, j + k − n) ≤ m ≤ min(j, k).The marginal distributions of P (Ur:n ≤ u, Vs:n ≤ v) are

P (Ur:n ≤ u) =

n
∑

j=r

(

n

j

)

uj(1−u)n−j and P (Vs:n ≤ v) =

n
∑

k=s

(

n

k

)

vk(1− v)n−k,whi
h, in fa
t, are Beta distributed random variables, i.e. Ur:n ∼ Beta(r, n−r+1)and Vs:n ∼ Beta(s, n− s + 1). Let β−1
r,n−r+1 and β−1

s,n−s+1 be the inverses of theseBeta distributions.The 
opula asso
iated to order statisti
s of the pair (Xr:n, Ys:n) is the same
opula of the pair (Ur:n, Vs:n), see also Lemma 6 in Avérous et al. (2005), i.e.
CXr:n,Ys:n

(w, t) = CUr:n,Vs:n
(w, t) = HUr:n,Vs:n

(

β−1
r,n−r+1(w), β−1

s,n−s+1(t)
)

.Thus, we obtain the following statement.Theorem 1 Under the above notations the 
opula CUr:n,Vs:n
is given by

CUr:n,Vs:n
(w, t) =

n
∑

j=r

n
∑

k=s

∑

m

n!C
(

β−1
r,n−r+1(w), β−1

s,n−s+1(t)
)m

m!(j − m)!(k − m)!(n − j − k + m)!

× [β−1
r,n−r+1(w) − C(β−1

r,n−r+1(w), β−1
s,n−s+1(t))]

j−m

× [β−1
s,n−s+1(t) − C(β−1

r,n−r+1(w), β−1
s,n−s+1(t))]

k−m

× [1 − β−1
r,n−r+1(w) − β−1

s,n−s+1(t) + C
(

β−1
r,n−r+1(w), β−1

s,n−s+1(t)
)

]n−j−k+m.The formula given by Theorem 1 presents a relation between the 
opula Casso
iated to the random ve
tor (X, Y ) and the 
opula of order statisti
s CUr:n,Vs:n
.Therefore, we 
an do inferen
es about CUr:n,Vs:n

knowing C.In fa
t, the statement of Theorem 1 
an be obtained as a 
onsequen
e of Exer-
ise 2.2.2 given in David (1981, p. 25) and relationC(u, v) = H(F (−1)(u), G(−1)(v)).3 Asymptoti
 
opulaIn this se
tion we derive from the limit distribution of the pair (Ru, Rv) theasymptoti
 
opula in order to �nd an approximation to the joint distribution of
(Xr:n, Ys:n).



Copula asso
iated to order statisti
s 115In Barakat (2001) properties of joint distribution (Ru, Rv) are investigated,and as 
onsequen
es, limiting distribution results are obtained for the ve
tor
(Xr:n, Ys:n) where 1 ≤ r, s ≤ n. For �xed r, s ≥ 1, as n → ∞, the pair (r, s)is 
alled �xed rank (or the 
ase of extreme order statisti
s). When r, s → ∞ as
n → ∞, (r, s) is 
alled in
reasing rank. One parti
ular rate of in
rease of spe-
ial interest in this work is when r/n → λ1 and s/n → λ2 as n → ∞ su
h that
0 ≤ λ1, λ2 < 1 or λ1 = 0, λ2 = 1. Additionally, Barakat (2001) presents nine other
ases 
overing the possible asymptoti
 distributions of bivariate order statisti
s.We 
onsider only the in
reasing rank 
ase, but the method elaborated here 
anbe applied similarly in the other 
ases.We extra
t the asymptoti
 
opula, denoted by Ca, from the limiting distribu-tion of (Ru, Rv) and use the 
orresponding approximation to evaluate the jointdistribution fun
tion of order statisti
s (Xr:n, Ys:n), as follows.The basi
 result in Barakat (2001) is Theorem 2.2, whi
h gives the 
onditionsfor the following 
onvergen
e

(

Ru − nu
√

nu(1 − u)
,

Rv − nv
√

nv(1 − v)

)

d
−−−−→
n → ∞ Nρ,where d

−−−−→
n → ∞ means a 
onvergen
e in distribution and Nρ denotes the bivariateNormal distribution with zero mean ve
tor and 
orrelation 
oe�
ient given by

ρ = C(u,v)−uv√
uv(1−u)(1−v)

.The above theorem in our notation has the following form,Theorem 2 Let min
(

n − r, r
)

→ ∞ and min
(

n − s, s
)

→ ∞ when n → ∞.Furthermore, let r/n → λ1 and s/n → λ2 as n → ∞ su
h that 0 ≤ λ1, λ2 < 1 or
λ1 = 0 and λ2 = 1. If

ρRu,Rv
= Corr(Ru, Rv) n → ∞−−−−−−−−→ ρ =

C(u, v) − uv
√

uv(1 − u)(1 − v)for a �xed value of ρ su
h that |ρ| ≤ 1,
r − nu

√

nu(1 − u)
→ τ1 and s − nv

√

nv(1 − v)
→ τ2hold for �xed 
onstants τ1 and τ2, then

P

(

Ru − nu
√

nu(1−u)
≤ r − nu
√

nu(1−u)
,

Rv − nv
√

nv(1−v)
≤ s − nv
√

nv(1−v)

)

d
−−−−→
n → ∞ Φρ(τ1, τ2),where Φρ is the a

umulated joint distribution fun
tion of Nρ. �Under the above 
onditions and from the fa
t that C(w, t) = H(F−1(w),

G−1(t)), the asymptoti
 
opula Ca of (Ru, Rv) is given by
Ca(w, t) = Φρ(Φ

−1(w), Φ−1(t))
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orresponding survival 
opula has the form
C

a
(w, t) = Φρ(Φ

−1
(w), Φ

−1
(t)).Using the asymptoti
 survival 
opula C

a we 
an �nd an approximation forthe join survival distribution of (Ru, Rv). The marginals Ru ∼ Bin(n, u) and
Rv ∼ Bin(n, v) and under 
onditions of Theorem 2 we have

HRu,Rv
(r, s) ≈ C

a
(

B(n, u, r), B(n, v, s)

)

= Φρ

(

Φ
−1
(

B(n, u, r)

)

, Φ
−1
(

B(n, v, s)

))

.where B(n, u, r) = P (Ru ≥ r) and B(n, v, s) = P (Rv ≥ s). Sin
e P (Ru ≥ r) =
P (Ur:n ≤ u) and P (Rv ≥ s) = P (Vs:n ≤ v), we get

Φρ

(

Φ
−1
(

B(n, u, r)

)

, Φ
−1
(

B(n, v, s)

))

= Φρ

(

Φ
−1
(

βr,n−r+1(u)

)

, Φ
−1
(

βs,n−s+1(v)

))

.But HUr:n,Vs:n
(u, v) = HRu,Rv

(r, s) and under 
onditions of Theorem 2
HUr:n,Vs:n

(u, v) 
an be approximated by
HUr:n,Vs:n

(u, v) ≈ Φρ

(

Φ
−1
(

βr,n−r+1(u)

)

, Φ
−1
(

βs,n−s+1(v)

))

.Now, using the well know relation C(w, t) = w + t− 1 + C(1−w, 1− t) where
C(w, t) is the survival 
opula, we have

HUr:n,Vs:n
(u, v) ≈βr,n−r+1

(

u
)

+ βs,n−s+1

(

v
)

− 1+

Φρ

(

Φ−1
(

1 − βr,n−r+1

(

u
))

, Φ−1
(

1 − βs,n−s+1

(

v
))

)

.Finally, using u = F (x) and v = G(y) and the relationship CXr:n,Ys:n
=

CUr:n,Vs:n
, we obtain

HXr:n,Ys:n
(x, y) ≈βr,n−r+1

(

F (x)
)

+ βs,n−s+1

(

G(y)
)

− 1+

Φρ

(

Φ−1
(

1 − βr,n−r+1

(

F (x)
))

, Φ−1
(

1 − βs,n−s+1

(

G(y)
))

)

.(3.1)Remark 1. It is worth to note that the 
opula of (Ur:n, Vs:n) is di�erent than the
opula of (Ru, Rv). In this work, we extra
t the asymptoti
 
opula of (Ru, Rv) inorder to �nd an approximation for P (Ru ≥ r, Rv ≥ s) and then by relationship
P (Ur:n ≤ u, Vs:n ≤ v) = P (Ru ≥ r, Rv ≥ s) we obtain the asymptoti
 result. �



Copula asso
iated to order statisti
s 117Next, we give an appli
ation example to (3.1).Example 1 Consider the bivariate Normal distribution with zero mean, unitvarian
es and 
orrelation 
oe�
ient −0.5. Let us 
al
ulate P (X9:10 ≤ x, Y10:10 ≤
y). For x = 1.5 and y = 1.8, we have F (x) = 0.93319, G(y) = 0.96406 and
C
(

F (x), G(y)
)

= 0.897319. The exa
t value of P (X9:10 ≤ x, Y10:10 ≤ y) 
an be
omputed by the formula given in Theorem 1, i.e.
P (X9:10 ≤ x, Y10:10 ≤ y) = P (U9:10 ≤ u, V10:10 ≤ v)

=P (U9:10 ≤ F (x), V10:10 ≤ G(y))

=10 × C
(

F (x), G(y)
)9[

G(y) − C
(

F (x), G(y)
)]

+ C
(

F (x), G(y)
)10

=0.5902.For our data we 
al
ulate
ρ =

C
(

F (x), G(y)
)

− F (x)G(y)
√

F (x)G(y)(1 − G(y))(1 − F (x))

=
0.897319− 0.93319× 0.96406

√

0.93319× 0.96406(1− 0.93319)(1− 0.96406)

= −0.0504337and using (3.1) we obtain
HXr:n,Ys:n

(x, y) ≈ Φρ

(

Φ
−1(

β9,10−9+1(F (x))
)

, Φ
−1(

β10,10−10+1(G(y))
)

)

= Φρ

(

Φ
−1

(0.85942), Φ
−1

(0.69356)
)

= 0.85942 + 0.69356− 1

+ Φρ

(

Φ−1(1 − 0.85942), Φ−1(1 − 0.69356)
)

= 0.5922.As we 
an see, the asymptoti
 
opula is easy to 
al
ulate and gives a goodapproximation even when a small sample size is used. �4 A re
urren
e relationIn the univariate 
ase, a number of re
urren
e relations between the densities andthe moments of order statisti
s are available, e.g. Arnold and Balakrishnan (1998)and David (1981). We shall derive a similar result for the distribution of bivariateorder statisti
s.Let us de�ne the events
A = {Ur−1:n−1 ≤ u < Ur:n−1, Vs:n−1 ≤ v},
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B = {Ur−1:n−1 ≤ u < Ur:n−1, Vs−1:n−1 ≤ v < Vs:n−1}and

D = {Ur:n ≤ u < Ur+1:n, Vs:n ≤ v}for u, v ∈ [0, 1]. Then
P (A) = P (Ur−1:n−1 ≤ u, Vs:n−1 ≤ v) − P (Ur:n−1 ≤ u, Vs:n−1 ≤ v),

P (B) = P (Ur−1:n−1 ≤ u, Vs−1:n−1 ≤ v) − P (Ur−1:n−1 ≤ u, Vs:n−1 ≤ v)

− P (Ur:n−1 ≤ u, Vs−1:n−1 ≤ v) + P (Ur:n−1 ≤ u, Vs:n−1 ≤ v)and
P (D) = P (Ur:n ≤ u, Vs:n ≤ v) − P (Ur+1:n ≤ u, Vs:n ≤ v).Theorem 3 Under the above notations the following relationship holds

nP (B)C(u, v) = rP (D) + nP (A)u (4.1)for 2 ≤ r, s ≤ n − 1, n ≥ 2.Proof. Consider a sample of size n for whi
h the event D o

urs. Partition thissample randomly into two subsamples, one of size (n − 1) and one with size 1.Consider the event
E = {the observation singled out has U -value ≤ u}.Then we have P (D ∩ E) = P (D)P (E|D) = rP (D)

n
. Denote by A1 and B1 theevents

QU =

{ the event A o

urs for the sample size n − 1and the observation singled out has U -value ≤ u

}and
QV =







the event B o

urs for the sample size n − 1and the observation singled out has
U -value ≤ u and V -value ≤ v







.Clearly, QU and QV are disjoint, and the event D ∩E 
an o

ur if and only ifeither QU or QV o

urs. Hen
e,
P (D ∩ E) = P (QU ) + P (QV ) =

rP (D)

n
= uP (A) + P (U ≤ u, V ≤ v)P (B).From Sklar's Theorem we have

P (Ur:n ≤ u, Vs:n ≤ v) = CUr:n,Vs:n
(βr,n−r+1(u), βs,n−s+1(v)) = CUr:n,Vs:n

(w, t),
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iated to order statisti
s 119where u = β−1
r,n−r+1(w) and v = β−1

s,n−s+1(t) are the inverses of Beta(r, n− r + 1)and Beta(s, n − s + 1) distributions, respe
tively.Then,
P (A) = P (Ur−1:n−1 ≤ u, Vs:n−1 ≤ v) − P (Ur:n−1 ≤ u, Vs:n−1 ≤ v)

= CUr−1:n−1,Vs:n−1
(w, t) − CUr:n−1,Vs:n−1

(w, t),

P (B) = P (Ur−1:n−1 ≤ u, Vs−1:n−1 ≤ v) − P (Ur−1:n−1 ≤ u, Vs:n−1 ≤ v)

− P (Ur:n−1 ≤ u, Vs−1:n−1 ≤ v) + P (Ur:n−1 ≤ u, Vs:n−1 ≤ v)

= CUr−1:n−1,Vs−1:n−1
(w, t) − CUr:n−1,Vs−1:n−1

(w, t)

− CUr−1:n−1,Vs:n−1
(w, t) + CUr:n−1,Vs:n−1

(w, t),

P (D) = P (Ur:n ≤ u, Vs:n ≤ v) − P (Ur+1:n ≤ u, Vs:n ≤ v)

= CUr:n,Vs:n
(w, t) − CUr+1:n,Vs:n

(w, t),and
P (U ≤ u, V ≤ v) = C(u, v) = C(β−1

r,n−r+1(w), β−1
s,n−s+1(t)).Combining the last �ve relations we obtain

C(β−1
r,n−r+1(w), β−1

s,n−s+1(t)) =
r

n

P (D)

P (B)
− β−1

r,n−r+1(w)
P (A)

P (B)
,i.e. (4.1). �Remark 2 For 
onvenien
e, let us substitute

Cr,s:n(w, t) = CUr:n,Vs:n
(βr,n−r+1(u), βs,n−s+1(v)) = P (Ur:n ≤ u, Vs:n ≤ v)and introdu
e the di�eren
e notations ∆1 and ∆2 de�ned as

∆1Cr,s:n(w, t) = Cr+1,s:n(w, t) − Cr,s:n(w, t),

∆2Cr,s:n(w, t) = Cr,s+1:n(w, t) − Cr,s:n(w, t)and
∆1,2Cr,s:n(w, t) = ∆1[∆2Cr,s:n(w, t)].Then, note that

P (A) = −∆1Cr−1,s:n−1(w, t), P (D) = −∆1Cr,s:n(w, t)and P (B) = ∆1,2Cr−1,s−1:n−1(w, t). Thus, the relation (3) 
an be rewritten as
r

n
∆1Cr,s:n(w, t) = u∆1Cr−1,s:n−1(w, t) − C(w, t)∆1,2Cr−1,s−1:n(w, t).The last formula 
an be used to 
ompute re
ursively the value of the joint densityof order statisti
s. �
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het boundsThe in
lusion-ex
lusion formula states that if A1, . . . , An are n events, and if theprobability of o

urren
e of at least r of them is denoted by P (r; n), then
P (r; n) =

n
∑

m=r

(−1)m−r

(

m − 1

r − 1

)

W (m),where
W (m) =

∑

1≤i1<...<im≤n

P (∩m
j=1Aij

),see e.g. Feller (1968). If one de�nes Ai = {Xi ≤ x}, i = 1, . . . , n, then for the
orresponding order statisti
s Xr:n we have
P (Xr:n ≤ x) =

n
∑

m=r

(−1)m−r

(

m − 1

r − 1

)

∑

1≤i1<···<im≤n

P (∩m
j=1{Xij

≤ x}). (5.1)To �nd the joint distribution fun
tion P (Xr:n ≤ x, Ys:n ≤ y) of order statisti
sfrom dependent random variables X and Y , one is led to 
onsider an extension of(5.1) for the 
ase of K ≥ 2 (�nite) 
lasses of events.Let A1, . . . , An and B1, . . . , Bn be two 
lasses of events. For integers r and s,
1 ≤ r, s ≤ n de�ne

P [r, s; n] = P{exa
tly r Ai's and exa
tly s Bi's o

ur}and
P (r, s; n) = P{at least r Ai's and at least s Bi's o

ur}.Let

W (r, s) =
∑

P (∩r
j=1Aij

∩s
i=1 Bji

)where ∑ denotes summation over the indi
es 1 ≤ i1 < · · · < ir ≤ n; 1 ≤ j1 <
· · · < is ≤ n. It is known, see Fré
het (1943), that

P [r, s; n] =
2n
∑

t=r+s

∑

i+j=t

(−1)t−r−s

(

i

r

)(

j

s

)

W (i, j).Then,
P (r, s; n) =

n
∑

α=r

n
∑

β=s

P [α, β; n] =

n
∑

i=r

n
∑

j=s

(−1)i+j−(r+s)

(

i − 1

r − 1

)(

j − 1

s − 1

)

W (i, j).Thus, the following bivariate forms of Bonferroni inequalities for any non-negativeinteger k ≥ 0 are given by
r+s+2k+1
∑

t=r+s

∑

i+j=t

g(i, j, t) ≤ P (r, s; n) ≤
r+s+2k
∑

t=r+s

∑

i+j=t

g(i, j, t), (5.2)



Copula asso
iated to order statisti
s 121where g(i, j, t) = (−1)t−(r+s)
(

i−1
r−1

)(

j−1
s−1

)

W (i, j), see Meyer (1969). For 2k ≥ n −
r − s the two bounds 
oin
ide, hen
e yielding an equality.Our aim is to evaluate CUr:n,Vs:n

(w, t) using (5.2) by making the fun
tion
W (i, j) more spe
i�
. Consider the events Ai = {Ui ≤ β−1

r,n−r+1(w)} and Bi =

{Vi ≤ β−1
s,n−s+1(t)} for Ui, Vi ∼ U(0, 1), i = 1, . . . , n, arranged in an 2× n matrix.Then P (r, s; n) = P (Ur:n ≤ β−1

r,n−r+1(w), Vs:n ≤ β−1
s,n−s+1(t)) = CUr:n,Vs:n

(w, t).The elements taken from di�erent rows are independent and ea
h element in anygiven 
olumn has the same probability. Then, W (i, j) =
∑

d T (i, j; d), where inthe summation the 
ontribution terms T (i, j; d) 
onsist of max(i + j − n) ≤ d ≤
min(i, j) pairs Ai∩Bi and the remaining pairs being taken from di�erent 
olumns,i.e.

T (i, j; d) =

(

n

d

)

[C(β−1
r,n−r+1(w), β−1

s,n−s+1(t))]
d

×
(

n − d

i − d

)

[β−1
r,n−r+1(w)]i−d ×

(

n − i

j − d

)

[β−1
s,n−s+1(t)]

j−d,

(5.3)see e.g. Galambos (1975). While the formula for the bounds in (5.2) may seem
ompli
ated, its a
tual 
omputation is quite simple and fast. We �rst build a tablefor binomial 
oe�
ients and for the exponents of C(β−1
r,n−r+1(w), β−1

s,n−s+1(t)),
β−1

r,n−r+1(w) and β−1
s,n−s+1(t) o

urring in (5.3) for given values of n, i, j and d.The method of 
al
ulation is the same whatever the sample size and the bivariatedistribution are.Let us substitute k = 0 in (5.2). Then, the simplest Fré
het bounds are givenby

W (r, s) − rW (r + 1, s) − sW (r, s + 1) ≤ CUr:n,Vs:n
(w, t) ≤ W (r, s).Example 1 (
ontinued) For the data of Example 1 we 
omputed by taking

w = 0.8594, t = 0.6936 the exa
t value CU9:10,V10:10
(w, t) = 0.5902. Following theabove des
ribed pro
edure we obtain the following inequalities:

k = 0 : 0.5902 ≤ CU9:10,V10:10
(w, t) ≤ 3.6361;

k = 1 : 0.5902 ≤ CU9:10,V10:10
(w, t) ≤ 0.5902and no further 
orre
tion was obtained by in
reasing k in (5.2). Now, for r = 2and s = 3 by 
hoosing w = 0.1405798, t = 0.9980501 the exa
t value is

CU2:10,V3:10
(w, t) = 0.1398483.Using the Fré
het bounds we obtain the following inequalities:

k = 3 : 0.1255057 ≤ CU2:10,V3:10
(w, t) ≤ 0.3034248;

k = 4 : 0.1398175 ≤ CU2:10,V3:10
(w, t) ≤ 0.1406579;

k = 5 : 0.1398482 ≤ CU2:10,V3:10
(w, t) ≤ 0.1398491;

k = 6 : 0.1398483 ≤ CU2:10,V3:10
(w, t) ≤ 0.1398483
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orre
tion was obtained by in
reasing k in (5.2). �The general multivariate form of inequalities (5.2) is given by Meyer (1969).While the bivariate distribution for ea
h pair of the 
omponents may be reason-able, the ve
tor behaviour in higher dimensions may be either unknown, or maybe su
h that the 
omputation of these distribution poses di�
ulty.A
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