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Abstract: We consider the problem of testing for differences among a

number of discrete distributions. Our approach is based on viewing the differ-

ent samples as drawn from a mixture distribution where each mixture com-

ponent represents a different group or cluster. We adapt the methodology

of Dasgupta and Raftery (1998) to this problem, giving explicit details in the

case of multinomial and first-order Markov chain distributions. The resulting

method is computationally efficient and easy to implement. Applications to

two datasets are discussed.
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1 Introduction

Suppose we have collected samples from R independent populations and that
the responses we record are categorical, with C ≥ 2 levels each. Let mi =
(mi1, . . . , miC) denote the counts for the ith sample, i.e, mij represents the number
of times the jth category was observed in the ith sample, i = 1, . . . , R, j =
1, . . . , C. The data can be arranged in a single R × C contingency table, where

the R row margins ni =
∑C

j=1 mij are fixed by design.
The above data structure is very common. This explains the abundant number

of available references in the statistical literature. See, for instance, Bishop et al.
(1975), Agresti (2002) and references therein.

Associated to each row, there is a discrete joint probability distribution con-
centrated on a subset of

Mi = {(si1, . . . , siC) : sij ∈ {0, . . . , ni},

C
∑

j=1

sij = ni},

which may depend on some parameter vector θi ∈ Θ. Although much of the later
development is general, for clarity of presentation the discussion centers around
two important cases:

(i) Multinomial sampling: this is the usual setting where the ni subjects in the
ith sample are independently classified into one of the C categories. The
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likelihood is

f(mi|θi) =

(

ni

mi1 · · ·miC

)

θmi1

i1 · · · θmiC

iC , mi ∈ Mi, (1.1)

and where θi ∈ Θi = {(θ1, . . . , θC) : 0 ≤ θi ≤ 1,
∑C

i=1 θi = 1}.

(ii) First-order Markov chains: assume a binary sequence of length li is available
for each of the R subjects. The simplest model that incorporates serial
correlation within sequences is a first-order Markov chain with transition
matrix

(

θi1 1 − θi1

θi2 1 − θi2

)

,

which can be represented as θi = (θi1, θi2). Here, θi1 and θi2 represent the
probabilities of a one-step transition from state 0 to 0, and from state 1 to 0,
respectively. A sufficient statistic for first-order Markov chains is the vector
of transition counts (ti00, t

i
01, t

i
10, t

i
11), where tirs is the number of times r was

followed by s in the ith sequence, with r, s ∈ {0, 1}. Therefore, we assume
the data m1, . . . , mR represent the transition counts for the R sequences,
so that the likelihood is given by

f(mi|θi) =

(

ci
0 − 1

ci
0 − ti00 − 1

)(

ci
1 − 1

ci
1 − ti11 − 1

)

θ
ti
00

i1 (1 − θi1)
ti
01θ

ti
10

i2 (1 − θi2)
ti
11 ,

(1.2)
where C = 4, ci

s is the number of times s ∈ {0, 1} was observed in the
sequence, θi ∈ Θi = (0, 1)2, and mi ∈ Mi is further restricted to be a valid
set of transition counts. See details in Quintana and Newton (1998).

Other examples, including Markov chains of higher orders, fit into the general
structure represented by the R × C contingency table.

In this work we concentrate on the problem of comparing the R discrete dis-
tributions, which includes as a particular sub-problem, assessing whether the dis-
tributions are the same or not. We do so by viewing the data for each row as
independently sampled from a mixture model with an unknown number of com-
ponents. The problem is then solved by carrying out a cluster analysis of the R
samples, adapting the work by Dasgupta and Raftery (1998) to our framework.
If the selected cluster consists of a single group, then the distributions are indeed
identical. Otherwise, there are significant differences, and the selected cluster
gives us much more information than obtained when using routine procedures
like Pearson’s chi-square tests. The idea is analogous in spirit to the method
proposed by Quintana (1998), but applied now to a wider context and under a
different methodological view. An alternative computational strategy based on
Gibbs sampling for the multinomial case can be found in Kuo and Yang (2006).
An advantage of the approach we develop now is that it is computationally ef-
ficient (we do not require posterior simulation schemes) and easy to implement,
and works well when R is large and the number of subsets to be found is not
necessarily small or structured.
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The rest of this article is organized as follows. Section 2 presents the mixture
model and the proposed methodology, giving specific details in the multinomial
and first-order Markov chain cases. Section 3 illustrates the methods with two
examples, and Section 4 provides a summary and further discussion.

2 The model

Let f(m|θ) be a probability distribution for the vector of counts, parametrized
by θ ∈ Θ. We consider finite mixtures of such distributions. Concretely, we as-
sume that the vectors m1, . . . , mR are independently drawn from a K-component
mixture:

p(m1, . . . , mR | θ, πK) =

R
∏

i=1

K
∑

j=1

πK,jf(mi|θj), (2.1)

where πK = (πK,1, . . . , πK,K) with 0 ≤ πK,j ≤ 1 are constrained by
∑K

j=1 πK,j =

1 for all K, with K ≤ R, and θ = (θ1, . . . , θK) are distinct points in the appro-
priate parameter space Θ. Mixture models like (2.1) are very popular and have
therefore been extensively studied in the statistical literature. See McLachlan
and Basford (1988), McLachlan and Peel (2000), Fraley and Raftery (2002) and
references therein.

The main purpose of using a mixture model is that rows in the contingency
table form groups or clusters, according to the value of their corresponding param-
eter vector. Thus, the R distributions are effectively only K, and the probability
that the ith row was sampled from the jth cluster is πK,j . Under this view, equal-
ity of the R distributions is equivalent to the existence of only a single cluster and
so the comparison that motivates this work reduces to carrying out a cluster anal-
ysis. To do so, we follow the model-based clustering (MBC) approach discussed
in Dasgupta and Raftery (1998), which was initially proposed in Banfield and
Raftery (1993). See also Murtagh and Raftery (1984). The procedure involves
fitting the mixture model (2.1) and then comparing such fits for different values
of K using the Bayesian Information Criterion (BIC) proposed in Schwarz (1978).
We describe these steps next.

2.1 Fitting the mixture model

Usage of the EM algorithm (Dempster et al., 1977) has become a standard tool
for fitting mixture models like (2.1) via maximum likelihood estimation. The
simplest way to proceed is to introduce latent cluster indicators Zij , defined as 1
if the ith row was sampled from the jth distribution (cluster), and 0 otherwise,

with j = 1, . . . , K and i = 1, . . . , R. Note that, by definition,
∑K

j=1 Zij = 1 for all
i. Thus the complete-data likelihood is

p(m1, . . . , mR, {Zij} | θ, πK) =

R
∏

i=1

K
∏

j=1

(πK,jf(mi|θj))
Zij , (2.2)
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which transforms (2.1) to an expression that is much easier to work with in prac-
tice.

The E step of the algorithm consists of computing the expected complete-data
log-likelihood given the observed data and currently imputed parameters. This
reduces to evaluating the posterior probability of cluster assignment:

Ẑij =
πK,jf(mi|θj)

∑K

ℓ=1 πK,ℓf(mi|θℓ)
, j = 1, . . . , K; i = 1, . . . , R. (2.3)

In the M step, the expected complete-data log-likelihood

l∗(πK , θ) =
R

∑

i=1

K
∑

j=1

Ẑij [log(πK,j) + log(f(mi|θj))] (2.4)

is maximized with respect to πK and θ. We get

π̂K,j =

∑R

i=1 Ẑij
∑R

i=1

∑K

ℓ=1 Ẑil

, j = 1, . . . , K, (2.5)

but the estimation of θ depends on the specific assumptions for f(mi|θj). For
the multinomial model (1.1) we have

θ̂jg =

∑R

i=1 Ẑijmig
∑R

i=1

∑C

ℓ=1 Ẑijmiℓ

, j = 1, . . . , K; g = 1, . . . , C, (2.6)

while for the first-order Markov chain (1.2) we get

θ̂j1 =

∑R

i=1 Ẑijt
i
00

∑R

i=1 Ẑij(ti00 + ti01)
, θ̂j2 =

∑R

i=1 Ẑijt
i
10

∑R

i=1 Ẑij(ti10 + ti11)
, j = 1, . . . , K.

(2.7)
The two above steps are iterated until convergence is reached.

2.2 Choosing the number of mixture components

Selecting the number of clusters is an essential task for any clustering algorithm.
This is also valid in the context of our MBC approach. We adopt here the method
by Dasgupta and Raftery (1998) who fit the mixture (2.1) using values of K
ranging from 1 to a certain default maximum, and choosing the highest BIC value
among these alternatives. For a given K, this is defined as

BIC = 2l∗(π̂K , θ̂) − dK log(n), (2.8)

where dK is the number of independent parameters in the corresponding model.
For (1.1) we get dK = KC − 1, while for (1.2) we find dK = 3K − 1.

Usage of BIC as a selection procedure in this context has been justified in
Dasgupta and Raftery (1998) as computing approximate Bayes factors for a model
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selection scheme with a prior distribution that assigns equal probability to all the
models. From a frequentist viewpoint, it has been shown (Jeffreys, 1961) that
choosing between two nested models on the basis of Bayes factors minimizes the
sum of type I and II error rates. But more generally, such methodology can
be applied to the case of more than two not necessarily nested models. For a
thorough review of Bayes factors, see Kass and Raftery (1995). Thus, we view the
mixtures (2.1) as models for different values of K, so that the actual Bayes factor is
approximated in terms of the BIC values. Generally speaking, this approximation
can be close (Kass and Wasserman, 1995), but the usual proofs use conditions
not satisfied by finite mixture models. Nevertheless, Keribin (2000) showed that
likelihood-penalized methods such as BIC, generate consistent estimates of the
number of clusters. See further discussion about these and other related issues in
Leroux (1992) and in Fraley and Raftery (2002).

Therefore, after computing the BIC values for K = 1, . . . , Kmax, where Kmax

is a reasonable upper limit, the selected number of components K∗ is the one
attaining the highest BIC, which is consistent with the interpretation in terms
of approximate Bayes factors. As a reasonable default choice, and considering
that in practice we never encountered a problem where more than 5 clusters were
detected, we recommend setting Kmax = min{R, 10} or even Kmax = min{R, 8}.
See additional details about this method in Dasgupta and Raftery (1998).

2.3 Selecting the partition

After the value of K∗ has been determined, we need to actually select a single
partition. We do so by computing, for each i = 1, . . . , R, the value j∗ such that
for the model with K∗ mixture components

Ẑij∗ = max{Ẑij : 1 ≤ j ≤ K∗}, (2.9)

i.e., the component that maximizes the posterior probability of cluster assignment

(2.3), with θj and πK,j replaced by θ̂j and π̂K,j for all 1 ≤ j ≤ K∗. We take
the j∗ values as indicators of cluster membership, thus completely defining the
selected partition.

Table 1 gives a summarized version of the algorithm just described in the form
of pseudo-code.

3 Data illustrations

We consider here two datasets. The first one concerns performance of a group
of students in an elementary Mathematics class. The second example involves
sequences of hits and outs for 127 baseball players in the 1990 season of both
American and National League Baseball.
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Table 1 Pseudo-code version of the clustering algorithm.

1. for (K in 1 to Kmax) {

Iterate E and M steps until convergence: {

E step:

Compute Ẑij , i = 1, . . . , R, j = 1, . . . , K using (2.3)

M step:
Compute π̂K,j , j = 1, . . . , K using (2.5)

and θ̂i, i = 1, . . . , R using either (2.6) or (2.7)
}

Evaluate BIC(K) using (2.8) and the appropriate definition of dK

}
2. Select the number of clusters as K∗ = argmaxK=1,...,Kmax

BIC(K)

3. The cluster index for the ith subject is j∗, obtained according to (2.9)

3.1 Comparing student’s performance

Our first dataset was introduced in Quintana (1998). It consists of Pass/Fail
grades for a group of 203 students that enrolled in an “Algebra and Introduc-
tory Calculus” class during the 1996 Fall Semester in the Pontificia Universidad
Católica de Chile. This particular class (we refer to it as MAT 1492) groups stu-
dents from 4 different programs: (I) a general purpose Program in Chemistry; (II)
B. S. in Chemistry and Pharmacy; (III) a general purpose Program in Biological
Sciences; and (IV) B. S. in Biochemistry.

This class consisted entirely of students in their first semester. The students
were randomly divided into two groups and assigned separate instructors (A and
B). However, the material covered in the lectures, and all class activities were
common for both groups. Even exams were graded by a common staff of Teach-
ing Assistants. See additional background and analysis concerning these data in
Quintana (1998) and in Kuo and Yang (2006).

Several questions about these data are of interest. In particular, we wish
to know whether the students’ performance is affected by the program (i.e., a
“program effect”) or the instructor (i.e., an “instructor effect”). To answer the
first question we initially consider the data as a 4 × 4 contingency table, with
rows representing Programs (I) through (IV) as described earlier, and columns
corresponding to the four combinations of instructor/result, where instructor is
either “A” or “B” and result is either “pass” or “fail”. The data are reported in
Table 2.
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Table 2 Student performance in an elementary “Algebra and Introductory
Calculus” class.

Instructor A Instructor B
Program Pass Fail Pass Fail Total

I 8 11 11 13 43
II 10 14 13 9 46
III 19 25 20 18 82
IV 14 2 12 4 32

Total 51 52 56 44 203

The BIC values for this example are plotted in Figure 1, from which it is con-
cluded that the appropriate number of components is 2. Applying the procedure
in Section 2.3, the optimal partition is (1, 1, 1, 2) which means that students from
Program (IV) have different performance patterns than the other 3 programs,
which in turn behave alike. Indeed, the proportion of students from Program
(IV) that passed the class is much higher than the rest, which explains the re-
sults. This is also consistent with the findings in Quintana (1998). It is worth
noting that the standard Pearson’s chi-square statistic is 15.650 with 9 degrees of
freedom, yielding a p-value of 0.0748, which under a standard decision rule, would
not detect differences in the four distributions.

To answer the second question, i.e., assessing the “instructor effect”, we con-
sider an exploratory initial analysis where programs are assessed separately. Thus,
we consider four 2 × 2 contingency tables where, for each program, rows are the
instructors and columns represent the pass/fail counts. We found that the BIC
criterion favored K = 1 in all cases (data not shown). This suggests that we can
collapse the four programs and view the data as a single 2× 2 table, with instruc-
tors as rows and pass/fail counts in the columns. The BIC values are −11.688
(K = 1) and −13.075 (K = 2) so we do not actually find differences in the stu-
dent’s performance across instructors. Reinforcing this finding, the chi-square test
statistic is 0.61657 with 1 degree of freedom and p-value 0.4326 so we reach the
same conclusion.

We can also summarize both analyses by viewing the data as an 8 × 2 con-
tingency table, having the 8 combinations of program/instructor in the rows and
the pass/fail counts in the columns. To this effect, we ignore the random assign-
ment of students to instructors. This time the model selected has 2 components
(data not shown), and the corresponding 2 subsets in the best partition are of
sizes 2 (the two groups from Program IV) and 6 (all the rest). This suggests that
Program IV is different from the other ones, but no instructor effect is found.

It is interesting to compare these results with those reported in Quintana
(1998), using a clustering structure induced by a Dirichlet process prior on the θi

vectors of classification probabilities. It was found there that for the 8× 2 version
of the data, the maximum a posteriori (MAP) estimate of the number of clusters
is 3, but the MAP partition contains only 2 subsets, one formed by students from
Program IV that were taught by Instructor A, and the other containing all the
rest. The posterior probability for the second most likely partition is very close to
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the MAP, and coincides with what results using our proposed method. Using the
same model, but with a different computational approach, Kuo and Yang (2006)
found analogous results.
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Figure 1 Values of the BIC criterion for the data on student’s per-
formance (left panel) and for the baseball data (middle and
right panels). Horizontal axes represent potential values for
the number of mixture components K in (2.1).

3.2 Comparing hits and outs in baseball

Our second example concerns data for 127 players in the 1990 season of both
American and National Baseball Leagues. For each of these players, the entire
sequence of hits and outs at bat was recorded. The binary outcomes are defined
to be 1 if a hit, walk or sacrifice occurred and 0 if an out occurred. All of these
players have at least 500 binary measurements each, and several occasion-specific
covariates are available as well, but for the purpose of this application, they are
not considered. The data were first introduced in Albright (1993), and were later
analyzed, among others, in Quintana and Newton (2000), Quintana and Müller
(2004) and some references therein. It is important to note that using a Monte
Carlo conditional test with exact size, Quintana and Newton (1998) concluded that
zero-order Markov chains are appropriate for the analysis of these data. The test
statistic they used was defined as the sum of likelihood-ratio test statistics for order
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zero versus one from individual sequences. However, under an entirely different
semi-parametric Bayesian formulation, Quintana and Müller (2004) found that
the selected order is one.

We begin the analysis by ignoring the underlying serial dependence, and con-
sider the multinomial model, accommodating the data in a 127 × 2 contingency
table, with rows representing players and columns the counts of hits and outs.
The BIC values computed as in (2.8) chose 2 clusters. See Figure 1, middle panel.
Next, we constructed the two clusters as indicated in Section 2.3. To have a bet-
ter idea of what these clusters represent, the left panel in Figure 2 shows the 127
proportions of hits, defined as the number of hits divided by the total number of
at bat occasions. The grouping of players is indicated by the symbols “X” and
“O”. The clusters are perfectly correlated with such values, separating the players
in two groups, according to whether their batting averages are above or below
0.360. These two groups have 55 and 72 players, respectively.

Next we model each sequence as a first-order Markov chain, and repeat the
analysis. We found once more 2 clusters. Interestingly, the corresponding partition
is identical to that selected for serial independence, suggesting that for these data,
the clustering is not related to assumptions on the serial correlation.

To visualize the clusters in this new context, the right panel in Figure 2 shows
the normalized 0 to 0 versus 1 to 0 transition counts. These are defined as

ti0,0

ti0,0 + ti0,1

and
ti1,0

ti1,0 + ti1,1

, (3.1)

respectively, and correspond to the maximum likelihood estimates of θi1 and θi2,
the parameters representing the first order transition matrix in (1.2). The type of
scatter shown in this plot does support a first-order Markov model, as the points
do not appear to strongly line up along the overlaid diagonal line representing
equality in the rows of the transition probability matrix and henceforth, serial
independence. In fact, the normalized transition counts for the cluster marked
with an “X” are more separated from this diagonal than those players in the
cluster marked with a “0”. Moreover, players in the “0”-clusters are in general
more likely to have an out in the next occasion at bat than those in the “X”-cluster.
This also serves as an interpretation of the clusters meaning, also suggesting the
presence of streakiness in these players’ batting patterns.

Finally, Quintana and Newton (2000) found that, under a nonparametric
Bayesian model based on a Dirichlet process prior, the MAP estimate for the
number of clusters is also 2. Finding the MAP partition, however, is much more
difficult due to the huge number of possible groupings that can be formed. A brute
force method based on tallying partitions directly from MCMC output is likely
going to take too many iterations to produce significant output, specially for the
case at hand where R = 127. For instance, the number of possible partitions of
127 objects into 2 subsets is 8.5×1038. An “ad-hoc” procedure based on applying
the k-means algorithm (Hartigan and Wong, 1979) to estimates of the posterior
means of transition matrix parameters θi gave essentially the same result as our
proposed method (data not shown).
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Figure 2 Final clustering of 127 baseball players in the 1990 season
of American and National Baseball Leagues. The left panel
represents the proportion of hits for all players versus player
number, from 1 to 127. The right panel plots the MLE of θi1

versus the MLE of θi2, as specified in (3.1). In both plots,
the two final clusters found using the proposed algorithm
are marked by the “X” and “0” symbols.

4 Summary and discussion

In this article we developed a method for comparing discrete distributions that
was motivated as a special case of a model-based cluster analysis using mixture
models. Each mixture component represents a different cluster, and the number
of clusters is estimated using the method of Dasgupta and Raftery (1998). Our
proposal has the advantage of being efficient and easy to implement. Compared
to standard chi-square tests, the underlying clustering construction provides much
more informative results, which can be interpreted in the context of the specific
problem. This is certainly a better outcome than a plain “yes/no” answer to the
question: “are these distributions different?”

The methodology we have discussed can be applied to any type of discrete
distribution. We gave details for two important special cases, but other situations
can be handled using the same general clustering procedure. The case of con-
tinuous distributions is not specially different, although accommodating the data
in a contingency table may be hopeless, or would require loss of information via
discretizations.

Finally, the proposed method is computationally efficient, and can very easily
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produce reasonable results. It also works well when the number of individuals
is moderate to large. This was shown to be the case in the baseball example
discussed in Section 3.2, where the number of possible partitions is huge. In fact,
this is a substantial advantage of our method over alternatives such as finding
the MAP partition, which is typically much harder to find than using our MBC
method.
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E-mails: quintana@mat.puc.cl and asilva@mat.puc.cl


