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FRACTIONAL INTEGRATION WITH BLOOMFIELD EXPONENTIAL
SPECTRAL DISTURBANCES: A MONTE CARLO EXPERIMENT
AND AN APPLICATION

LUIS A. GIL-ALANA

ABsTRACT. We show in this article that fractionally integrated processes with Bloomfield
(1973) exponential spectral disturbances can be well approximations to fractional models
with AR disturbances. In fact, when testing /(d) statistical models with the tests of
Robinson (1994), the autoregressive structure underlying the 7(0) disturbances can be
distorting the order of integration of the series, because of the roots being close to the
unit root circle. In that respect, the short-run dynamics may well be approximated by
the Bloomfield (1973) exponential spectral model. This is illustrated with several Monte
Carlo experiments. An empirical application, showing the performance of this type of
model, is also carried out at the end of the article.

1. INTRODUCTION

For the purpose of the present paper, we define an 1(0) process {u;, t = 0, +1,...} as
a covariance stationary process with spectral density function that is positive and finite at
the zero frequency. In this context, we say that {x,, t = 0, £1,...} is I(d) if:

(1-L¥x=u, t=12,...
xt:0, ISO,

(1.1

where L is the lag operator (Lx; = x,—1) and the polynomial in (1.1) can be expressed in
terms of its Binomial expansion such that:

(l—L)"=Z( ‘; )(—1)fo=1—dL+ @Lz_... ,
j=0

for any real d. This type of model was introduced by Granger and Joyeux (1980), Granger
(1980, 1981) and Hosking (1981), (although earlier work by Adenstedt, 1974 and Taqqu,
1975, shows an awareness of the representation), and it was theoretically justified in
terms of aggregation of ARMA series with randomly varying coefficients by Robinson
(1978) and Granger (1980), and more recently, in terms of the duration of shocks by Parke
(1999). Similarly, Cioczek-Georges and Mandelbrot (1995), Taqqu et al. (1997), Cham-
bers (1998) and Lippi and Zaffaroni (1999) also use aggregation to motivate long memory
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processes, while Diebold and Inoue (2001) propose another source of long memory based
on regime-switching models.
Robinson (1994) proposed a Lagrange Multiplier (LM) test of the null hypothesis:

H()Id=d0, (12)

in a model given by (1.1) for any given real value dy. The test has standard null and
local limit distributions and it is parametric, in the sense that we have to specify the
functional form of the /(0) disturbances u, in (1.1), which may include, for example,
autoregressive (AR) models. Bloomfield (1973) showed that the AR specification can be
non-parametrically well approximated in terms of its spectral density function. Like the
stationary AR(p) case, this model also has exponentially decaying autocorrelations and
is very easy to implement in the context of the tests of Robinson (1994).

‘We show in this article that fractionally integrated processes with Bloomfield (1973)
exponential spectral disturbances can be well approximations to fractional models with
AR disturbances. There are several advantages in this approach. Firstly, computation-
ally, the derivation of the tests of Robinson (1994) greatly simplifies in the context of
Bloomfield’s (1973) disturbances, (see, Robinson, 1994). Secondly and more important,
there is a drawback in the performance of Robinson’s (1994) tests when AR disturbances
are entertained, in that the roots of the AR polynomial can be arbitrarily close to the unit
root case and thus, they may be competing with the order of integration in describing the
nonstationarity, invalidating the test statistic. This is sorted out when using Bloomfield’s
(1973) exponential spectral model, which is always stationary across the whole range of
values of its parameters.

The structure of the article is as follows: Section 2 briefly describes the tests of Robin-
son (1994) and the Bloomfield (1973) exponential spectral model. Section 3 reports some
Monte Carlo simulations comparing the performance of Robinson’s (1994) tests when us-
ing both AR and Bloomfield (1973) disturbances. An empirical application is carried out
in Section 4, while Section 5 contains some concluding comments.

2. THE TESTS OF ROBINSON (1994) AND THE BLOOMFIELD (1973) EXPONENTIAL SPECTRAL

MODEL
Let us suppose that {x;,¢ = 1,2,...,T} is the time series we observe. The statistic
proposed by Robinson (1994) for testing Hy (1.2) in (1.1) is given by:
T\'? a
F=l=) =, 2.1
" ( A) b2 @D
where
NS 20N el
o= D W) s 67 = o) = Zgw 71y ;

.
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L2 iy 3 5
A= 2| Dwr = Y wapeay x| Y sapsay | x Y s
= = =1 -
r A F) . 2nj
W) = log 2sm?j‘ ;B = Elogg(/lj;r); ;= 71;

# = arg min o%(7), I(A ;) is the periodogram of &, = (1 - L)% x,, and the function g above
is a known function obtained from the spectral density function of i,

2
fQ0%7) = g—ﬂg(/l;‘r), r<d<nx.

Note that these tests are purely parametric and therefore, they require specific modelling
assumptions regarding the short memory specification of u,. Thus, if u, is white noise,
then g = 1, (8(4;) = 0), and if u, is an AR process of form ¢(L)u, = &, then g = |p(e')| 2,
with o2 = V(g,), so that the AR coefficients are a function of 7.

Robinson (1994) showed that under certain regularity conditions,’

P-4 N@O,1)asT — oo. 2.2)

Thus, an approximate one-sided 100%-level test of Hy (1.2) against the alternative: H, :
d > dy (d < dy) will reject Hy (1.2) if # > z, (7 < —z,), where the probability that
a standard normal variate exceeds z, is @. Furthermore, he shows that the above test
is efficient in the Pitman sense, i.e., that against local alternatives of form: H, : d =
do +6T12, with § # 0, the limit distribution is normal with variance 1 and mean which
cannot (when i, is Gaussian) be exceeded in absolute value by that of any rival regular
statistic. Empirical applications based on this version of Robinson’s (1994) tests can be
found in Gil-Alana and Robinson (1997) and Gil-Alana (2000) and, other versions of
his tests, based on seasonal (quarterly and monthly) and cyclical data are respectively
Gil-Alana and Robinson (2001) and Gil-Alana (1999, 2001a).

Note that the above test permits us to consider the unit root model as a particular
case if dy in (1.2) is equal to 1. However, unlike most classic unit root tests (Dickey and
Fuller, 1979; Phillips and Perron, 1988; etc.), which are embedded in autoregressive (AR)
alternatives, Robinson’s (1994) tests are nested in a fractional form, this being the reason
for its standard null limit distribution.? Consider, for instance, the AR model (1 —pL)x; =
u;. Clearly, if p = 1, we obtain the same null unit root model as in (1 — L)%x;, = u, with
d = 1. However, in the former specification, if |p| < 1, x, is covariance stationary: if
p = 1 we have a unit root, which is nonstationary though non-explosive, and if |p| > 1
it implies a nonstationary explosive behaviour. Thus, we observe an abrupt change in
the limit behaviour around p = 1. On the other hand, in the fractional specification,
the limit behaviour is smooth around d = 1, and the boundary line between stationarity
and nonstationarity is now around d = 0.5. Nevertheless, the behaviour in the fractional

IThese conditions are very mild regarding technical assumptions that are satisfied by model (1). Moreover,
they impose a martingale difference on «,, which is a condition substantially weaker than Gaussianity.

2In a recent paper, Phillips and Magdalinos (2007) points out that the limit theory for moderate deviations
from a unit root is quite different from stationary processes (with roots far away from the unit circle).
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model is “smooth” in the sense that we do not observe an abrupt change with small
changes in the parameters.

The AR modelling of the /(0) disturbances u, is very conventional, but there exist
many other types of 1(0) processes, including ones outside the stationary and invertible
AR(MA) case. One model that seems especially relevant and convenient in the context
of the present tests is that proposed by Bloomfield (1973). This model is non-parametric
and is exclusively specified in terms of its spectral density function, which is given by:

o2 P
f(/l,,cr (T) = — exp(ZZTl cos(4 l)]

=0

Then, the function g above is given by:

)4
g(Aj;7) = exp [2 Z 7;cos(d ,-1)] . (2.3)

=0

Formulae for Newton-type iteration for estimating the 7; are very simple (involving no
matrix inversion), updating formulae when p is increased are also simple, and we can
replace A below (2.1) (in the functional form of the test statistic) by the population quan-
tity:

I=p+1 =1

which indeed is constant with respect to the 7; (unlike what happens in the AR case). To
see this, let us first consider a pure AR(p) process of form:

p

U = Z TiU—] + & .
=1

The function g takes then the form:

P
Z e

=1

g1 =

and noting that
0
&) = log 81,
then, &(4;) will be a (p x 1) vector with k‘h-element of form:
P
a(d)) = (2 Icos ;= " 71 cos(k - 1)4_,} 2 T)] . (2.4)

I=1

Using now the model of Bloomfield (1973) and its corresponding g-function in (2.3), the
k_element of &(1 ;) adopts the form:

ex(A;) = 2 cos(ka;) , (2.5)
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which is clearly simpler than (2.4). Moreover, the expression
2«

= D ee(dy)

=1
can be approximated by 4/,,, and thus, no matrix inversion is required in the computation
of the test statistic.

The intuition behind the model of Bloomfield (1973) is the following. Suppose that u,
follows an ARMA process of form:

p q
Uy = Z Qi+ &+ Z Orerr,
r=1 r=1

where ¢, is a white noise process and all zeros of ¢(L) = (1 — ¢L — -+ — ¢,L”) lying
outside the unit circle and all zeros of 6(L) = (1 + 6L + --- + 6,L9) lying outside or on
the unit circle. Clearly, the function g of this process is then given by:

1+ 37, 6,
1 - Zle ¢rei/1jr
Bloomfield (1973) showed that the logarithm of the above function is a fairly well be-
haved function and can thus be approximated by a truncated Fourier series. He showed
that (2.3) approximates (2.6) well where p and g are small values, which usually happens
in economics. Like the stationary AR(p) case, this model has exponentially decaying
autocorrelations and thus, using this specification, we do not need to rely on so many pa-
rameters as in the ARMA processes, which always results tedious in terms of estimation,
testing and model specification. Moreover, this approximation remains valid even if the
roots of the AR polynomial are close to the unit circle.

The Bloomfield (1973) model combined with fractional integration has not been very
much used in econometrics though the Bloomfield model itself is a well-known model in
other disciplines (see, e.g., Beran, 1993). Amongst the few empirical applications found
in the literature are Gil-Alana and Robinson (1997), Velasco and Robinson (2000) and
Gil-Alana (2001b). Beran (1995) proposed an approximation to the likelihood function
to estimate the parameters which are involved in a fractional model with Bloomfield
(1973) disturbances. However, unlike that procedure, Robinson’s (1994) tests do not
require estimation of the fractional differencing parameter, since it is based on the null
differenced model, which is supposed to be 7(0). In the following section, several Monte
Carlo experiments are conducted to show that the Bloomfield (1973) exponential spectral
model can be a competitive model for the autoregressive disturbances in the context of
fractionally integrated models.

g1 = (2.6)

3. A MoNTE CARLO EXPERIMENT

Across this section we look at the rejection frequencies of the tests of Robinson (1994)
assuming that the true model is given by (1.1) with AR(1) and AR(2) disturbances, and
perform the tests using both AR and Bloomfield (1973) disturbances. We use Gaussian
series generated by the routines GASDEV and RAN of Press, Flannery, Teukolsky and
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TaBLE 1. Rejection frequencies of Robinson’s (1994) tests with AR(1)
disturbances. In bold: the sizes of the tests. The nominal size is 0.050.

True model: (1 — L)%x, = u;; w; = puj— + &5 d = 1

Alternatives:

(1 = L)Y*x; = u;; u; ~ AR(1) and Bloomfield (1)

H,:d>d H,:d<dy
Size | ¢ u/d 0.00 | 0.25 | 0.50 | 0.75 | 1.00 | 1.00 | 1.25 | 1.50 | 1.75 | 2.00
AR(1) 0.575 1 0.125 | 0.010 | 0.050 | 0.016 | 0.221 | 0.560 | 0.912 | 0.995 | 0.999
0.25 | Bloomfield | 0.998 | 0.983 | 0.856 | 0.407 | 0.038 | 0.104 | 0.528 | 0.918 | 0.995 | 1.000
AR(1) 0.741 [ 0.743 | 0.238 | 0.024 | 0.010 | 0.329 | 0.446 | 0.723 | 0.937 | 0.994
100 | 0.50 | Bloomfield | 0.999 | 0.995 | 0.945 | 0.667 | 0.161 | 0.018 | 0.207 | 0.683 | 0.952 | 0.997
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