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A NOTE ON SOME PITFALLS ON THE SAWYER TEST FOR
DISCRIMINATING BETWEEN SEPARATE FAMILIES OF HYPOTHESES

FRANCISCO ANTONIO ROJAS-ROJAS, FRANCISCO LOUZADA-NETO,
AND BASILIO DE BRAGANÇA PEREIRA

A. In this paper we examine the Sawyer test for discriminatingbetween lognor-
mal and exponential families and between lognormal and Weibull families. We learn that
the Sawyer test can not be used for discriminating these separate families of hypotheses.

1. I

Sawyer (1983) proposed an alternative test to the Cox test (Cox, 1961, 1962) for dis-
criminating between two separate families of hypotheses based on the information crite-
rion. His procedure has been considered in the econometric modelling context. Interested
readers can refer to Mizon and Richard (1986) and McAller (1995).

Considering two separate Gaussian linear regression models, Sawyer (1983) pointed
out that his test procedure is a feasible alternative to the Cox test. However, in this
paper we show that the Sawyer test can not be used for discriminating neither between
lognormal and exponential families nor between lognormal and Weibull families. In
Section 2 we briefly review the Cox test. In Section 3 we describe the pitfalls pointed out
above. Some final discussion in Section 4 concludes the paper.

2. T C 

Consider two separate families of hypothesesH f andHg related to densitiesf (y, α)
andg(y, β), respectively, whereα is the vector of the parameters of thef density andβ
is the vector of the parameters of theg density. The Cox test for testingH f againstHg

employs the statistic (Cox, 1961, 1962)

T f (α̂) = L f g(α̂, β̂) − Eα̂L f g(α̂, β̂), (2.1)

whereL f g(α, β) = L f (α) − Lg(β) is the logarithm of the likelihood ratio, ˆα andβ̂ are the
maximum likelihood estimators ofα andβ under a random sample of sizen, andEα̂ is
the expectation underH f evaluated atα = α̂. Analogously, for testingHg againstH f the
Cox test employs the statistic

Tg(β̂) = Lg f (β̂, α̂) − Eβ̂Lg f (β̂, α̂). (2.2)
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T 1. Possible outcomes of the Cox test.

T f (α̂)
Significant Not Significant Significant

Tg(β̂) negative positive
Significant Reject both AcceptH f Reject both
negative H f andHg H f andHg

Not Significant AcceptHg Accept both Possibly
H f andHg acceptHg

Significant Reject both Possibly Inadmissible
positive H f andHg acceptH f (Reject BothH f andHg)

The outcomes and interpretations of the test are given in Table 1. Details about the
asymptotic distributions of (1) and (2) can be found in Cox (1961, 1962). Interested
readers can refer to Jackson (1968) and Pereira (1978), who derived the Cox statistics
for discriminating between lognormal and exponential families, lognormal and gamma
families and lognormal and Weibull families.

As an illustration of the Cox test calculations, following Cox (1961), considerH f with
the lognormal density,

f (y, α) = (2πα2)
−1/2y−1 exp[−

1
2α2

(logy − α1)2], (2.3)

whereα = (α1, α2) andHg with exponential density,

g(y, β) = β−1 exp(−y/β). (2.4)

Then,
L f g(α̂, β̂) = −(n/2) log(2πα̂2) − nα̂1 + (n/2)+ n log β̂

and
Eα̂L f g(α̂, β̂) = −(n/2) log(2πα̂2) + (n/2)α̂2 + (n/2),

whereα̂1 = (1/n)
∑

logyi, α̂2 = (1/n)
∑

(logyi − α̂1)2 andβ̂ = (1/n)
∑

yi. Therefore,

T f (α̂) = n log β̂ − nα̂1 −
n
2
α̂2 = n log(

β̂

β̂α
) ,

whereβ̂α = exp(α̂1 + α̂2/2) is the estimated value ofβα, which is the limit in probability
of β̂underH f .

Considering the reverse procedure,Lg f (β̂, α̂) = (n/2) log(2πα̂2)+ nα̂1− n log β̂− (n/2)
andEβ̂Lg f (β̂, α̂) =(n/2) log(2πα̂2β) + nψ(1)− (n/2), and then

Tg(β̂) =
n
2

log(
α̂2

α̂2β
) + n(α̂1 − α̂1β),

whereα̂1β = log β̂ + ψ(1) andα̂2β = ψ
′(1) are the estimated values ofα1β andα2β, which

are the limits in probability of ˆα1 andα̂2 under the exponential distribution, respectively,
andψ(.) andψ′(.) are the digamma and trigamma functions, respectively.
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3. T S 

The Sawyer test for discriminating between two separate families of hypotheses,H f

andHg, according to Section 1, employs the following statistics (Sawyer, 1983)

S f (α̂) = Eβ̂L f g(α̂, β̂) − Eα̂[Eβ̂L f g(α̂, β̂)] (3.1)

and
S g(β̂) = Eα̂Lg f (β̂, α̂) − Eβ̂[Eα̂Lg f (β̂, α̂)]. (3.2)

The statisticS f (α̂) is used to detect departures fromH f in the presence of a specific
alternativeHg, while S g(β̂) is used to detect departures fromHg in the presence of a
specific alternativeH f . The Sawyer test outcomes are analogous to the Cox test outcomes
presented in Table 1, replacingT f (α̂) andTg(β̂) by S f (α̂) andS g(β̂). Details about the
asymptotic distributions of (5) and (6) can be found in Sawyer (1983).

If we considerH f andHg related to the densities (3) and (4), respectively, since

Eα̂Lg(β̂) = −nα̂1 − (n/2)α̂2 − n,

Eα̂L f (α̂) = −(n/2) log(2πα̂2) − nα̂1 − n/2,

Eα̂Lg f (β̂, α̂) = (n/2) log(2πα̂2) − (n/2)α̂2 − (n/2)

and
Eβ̂[Eα̂Lg f (β̂, α̂)] = (n/2) log(2πψ′(1))− (n/2)ψ′(1)− (n/2),

the statistics (6) can be rewritten as

S g(β̂) =
n
2

[ψ′(1)− α̂2 + log α̂2 − logψ′(1)].

Also, sinceEβ̂L f (α̂) = −(n/2) log[2πψ′(1)] − n[ψ(1) + log β̂] − (n/2), Eβ̂Lg(β̂) =
−n log β̂−n andEβ̂L f g(α̂, β̂) = −(n/2) log[2πψ′(1)]−nψ(1)+n/2 = Eα̂[Eβ̂L f g(α̂, β̂)], (5) is
null. Consequently, it is not possible to discriminate between lognormal and exponential
families by using the Sawyer test.

Another drawback in Sawyer test is observed if we consider the test ofH f , with log-
normal density (3), againstHg, with a Weibull density, given by

g(y, ω) =

(

ω2

ω1

) (

y
ω1

)ω2−1

exp

[

−
(

y
ω1

)ω2
]

.

In this case,Eα̂L f (α̂) = −(n/2) log[2πα̂2]−nα̂1−(n/2) andEα̂Lg(ω̂) = −(n/2) logα̂2−
nα̂1 − 3(n/2), where α̂1 and α̂2 are defined above, and ˆω1α = exp[α̂1 + (1/2)

√
α̂2 ]

and ω̂2α = 1/
√
α̂2 (Pereira, 1978). ThereforeEα̂Lg f (ω̂, α̂) = −n + (n/2) log(2π) =

Eω̂[Eα̂Lg f (ω̂, α̂)] and (6) is null. Besides, denotingα1w andα2w as the limits in prob-
ability of α̂1 and α̂2 under the Weibull distribution, their estimated values areα̂1ω =

ψ(1)/ω̂2+log ω̂1 andα̂2ω = ψ
′(1)/ω̂2

2, and thenEω̂L f (α̂) = n logω̂2−n log ω̂1−nψ(1)/ω̂2−
(n/2) log[2πψ′(1)] − n/2 andEω̂Lg(ω̂) = n logω̂2 − n logω̂1 − nψ(1)/ω̂2 − nψ(1) − n,

whereω̂2 =
[

(
∑

(logyi) yω̂2
i /

∑

yω̂2
i ) − (

∑

logyi/n)
]−1

and ω̂
ω̂2
1 =

∑

yω̂2
i /n, thenEω̂L f g

(α̂, ω̂) = −(n/2) log[2πψ′(1)] − nψ(1)+ n/2 = Eα̂[Eω̂L f g(α̂, ω̂)] and (5) is null. Then,
it is not possible to discriminate between lognormal and Weibull families by considering
the Sawyer test.
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4. D

We examined the Sawyer statistics for discriminating between lognormal and expo-
nential families and between lognormal and Weibull families. The important lesson
learned from this work is that effective discrimination between these separate families
of hypotheses is not feasible if the Sawyer test is considered.

It is important to note that the general expressions of the variances of the statistics (1)
and (2) and (5) and (6) are given in Cox (1962) and Sawyer (1983), respectively.
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