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BIAS CORRECTED MAXIMUM LIKELIHOOD ESTIMATORS IN
NONLINEAR OVERDISPERSED MODELS

GAUSS M. CORDEIRO, ISOLDE PREVIDELLI, AND ROBERT WAYNE SAMOHYL

AssTRACT. In this paper, we introduce the class of the nonlinear overdispersed models
and derive general formulae for the biases of the maximum likelihood estimators of the
parameters in these models, thus generalizing results by Cordeiro & McCullagh (1991),
Botter & Cordeiro (1998) and Cordeiro & Botter (2001) for special classes of models. An
application is given to a real data set. Some Monte Carlo simulations on the finite-sample
performance of the maximum likelihood estimators and their bias-corrected counterparts
under a random walk model show that the bias-corrected estimators are closer to the true
parameter values than the uncorrected estimators.

1. INTRODUCTION

Heteroscedastic regression models have recently gained popularity in industrial ap-
plications for analyzing unreplicated experiments, experiments for robust design and the
analysis of process data. Many authors have also considered dispersion modelling to ob-
tain correct standard errors and confidence intervals for mean parameters in regression
analysis. Smyth (1989) was the first to introduce the class of generalized linear models
(GLMs) with dispersion parameters. The popularity of overdispersed generalized linear
models (OGLMs) as defined by Dey et al. (1997) is growing steadily to explore and
model many kinds of data, specially counts and proportions. In this paper we deal with
nonlinear overdispersed models (NLOMs) which are a generalization of the OGLMs.

The systematic components for the mean and dispersion parameters in NLOMs are
nonlinear whereas these components are both linear in OGLMs. The NLOMs are more
general than double generalized linear models (DGLMs) (Smyth, 1989), which allow
the mean and dispersion to be modelled simultaneously in a GLM context. OGLMs are
very useful for modelling the dispersion when the variance of the response variable ex-
ceeds the nominal variance predicted by the model, particularly in relation to the binomial
and Poisson distributions. Here, we generalize results by Botter & Cordeiro (1998) and
Cordeiro & Botter (2001) which are valid to DGLMs and OGLMs, respectively. For
OGLMs it is common to model the overdispersion by considering an additional regres-
sion model for a scale parameter which is incorporated in the variance function. This has
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the effect of relaxing the requirement of a constant multiplicative dispersion parameter in
the variance function. While DGLMs continue to be extremely useful, the complexities
often encountered in counting or proportion data and the possibilities opened by modern
computing power ensure that there is a need now for even more flexible models such as
OGLMs and NLOMs.

Dey et al. (1997) defined a class of OGLMs where the random variables Yi,..., Y,
are independent and each Y; has a density (or probability function) in a two-parameter
exponential family of distributions

m(y; . ¢) = A() exp{(y — O, ) + $T () + wlu, d)}, (1.1)

where A(), T(-) and ¥(-,-) are known functions. Further, let % = oy (u, ¢)/
o o¢*(r,s > 1). We write the exponential family (1.1) through a mean parameteri-
zation. The mean and variance of Y are E(Y) = p and Var(Y) = y@0" whereas the
mean and variance of T(Y) are E{T(Y)} = —¢©D and Var {T(Y)} = y17y 207" _ 02
Clearly, u is the mean parameter, although it is less obvious that the parameter ¢ mod-
els the overdispersion. See, e.g., Dey et al. (1997). We also have E{(Y — )T (Y)} =
_w(l.l)w(lO)—' _,uw(O.l)'

OGLMs are defined from the random component (1.1) assuming that both parameters
u and ¢ vary across observations through linear regression models f(u) = n = X and
g(®) = T = Zy. The function g(-) is another link function called the dispersion link
function. To fit an OGLM we must choose suitable mean and dispersion link functions.
If we want to force overdispersion we can, for example, choose g(¢) = log(¢). OGLMs
then extend the class of generalized linear models (GLMs) and DGLMs.

NLOMs are defined here from the random component (1.1) assuming that both pa-
rameters u and ¢ vary through nonlinear regression models. We then assume two link
nonlinear models

S =n=h((X;p) and g(¢) = 7 = ha(Z; y), (1.2)

where 8= (B1,...,B,)" andy = (y1,...,7,)" are two sets of unknown parameter vectors
to be estimated, X and Z are specified matrices and f(-) and g(-) are known one-to-one
differentiable link functions. We also assume identifiability in the sense that distinct 8’s
and y’s imply distinct " s and 7’s, respectively. This implies that the derivatives matrices
X =Xp = Z—Z and Z = Z(y) = g—; have ranks p and g, respectively, for all 8 and
v. Further, we assume that (1.1) and the two systematic components in (1.2) satisfy the
usual assumptions of large-sample likelihood theory.

A special example of NLOM which is not a GLM is the random walk distribution
defined with the two link models. If Y has a random walk distribution RW(6, 6), its
probability density function is given by

5 \'? sy 6 6
ﬂ(y,0,5)=(2—ﬂ_y) exp(—3+5—%), y>0, 0>0, 6>0. (13)
The mean and variance of Y are given, respectively, by ¢ = 1/8 + 1/6 and var(Y) =

1/(66) + 2/6. This distribution is just the reciprocal of a random variable having an
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inverse Gaussian distribution. To write the density (1.3) in the form of equation (1.1)
through a mean parameterization we define ¢ = —6/(26%) and

Y ¢) = 2-¢)"H2u~ )"~ (=¢)'*)" + 3 log 2
—log{2u - ¢)'? = (=¢)'?}) = p{Cu = 9 = (=)'}

For a given NLOM we are interested in simultaneously to estimate the parameters
and vy since they represent the effects of the explanatory variables on the mean response
and dispersion parameter, respectively.

The purpose of the paper is to obtain general formulae for the second-order biases of
the maximum likelihood estimators (MLEs) 8 and % in NLOMs and to demonstrate the
usefullness of the bias correction in order to improve the statistical properties of these
estimators. The plan of the paper is as follows. Section 2 formalizes the likelihood
arising from (1.1) to estimate 8 and y. Also, in this section, we show how to compute
the estimators /3 and 7 iteratively and give details of the algorithm. In Section 3, the n~!
biases of the estimators /3 and ¥ are given which generalize the main results of Cordeiro
& Botter (2001). In Section 4, we give matrix formulae for the n~! biases of the MLEs
ft and ¢ of the mean and the dispersion parameters. Section 5 gives an application to
real data to illustrate the bias correction in the class of models discussed here. In Section
6, Monte Carlo simulations from model (1.1) show that the bias-corrected estimators
are better approximated by the asymptotic normal distribution than the classical MLEs.
Finally, Section 7 gives some concluding remarks.

2. ESTIMATORS OF 3 AND ¥

Denote the sample values by yy, ..., y, and the total log-likelihood function by

1B, 7) = Y {u =™, ) + GiT () + W, g0} + Y log A, (2.1)

=1 1=1

The function (2.1) is assumed to be regular (Cox & Hinkley, 1974, Chapter 9) with respect
to all 8 and y derivatives up to the third order. Regularity conditions are stated in Serfling
(1980, p.144). Inference about 8 and y can be performed by likelihood methods analo-
gous to those for the GLMs with dispersion covariates. We now introduce some notation.
We denote by m,; = d'y;/dn] and ¢,y = d’¢;/d] the rth derivatives of the inverse link
functions = f'(p)and ¢ = g7'(r) forr = 1,2 and [ = 1,...,n. We define the follow-
ing nxn diagonal matrices ¥*0 = diag{t/rgz’o), Oy ) diag{lﬁ(lo’z), 9Dy
M, = diag{m,,...,my} and ®, = diag{d,1,...,dm} for r = 1,2. The efficient score is
given by

9B, y) .
T X1 \I’Q’O)Ml(y _ ,U)

U = U(ﬁ? 7) = = ’
9B.y) 77D,y

dy
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where y — gt = (31 — fi1, ..., yn — )" and v = ..., v)" with ve = gD (e — ) +
TGe) + ",

The partition (87,")" induces a corresponding partitioned total information matrix
for these parameters which is of interest for likelihood-based inference. This matrix is
block-diagonal given by

KB,y) =( 0 K
VY

where Kgg = X"V@OM2X and K, = Z"'V*?®?Z are the information matrices for 3
and vy, respectively. Thus, the parameters 8 and y are globally orthogonal and their MLEs
B and % are asymptotically independent. An estimator of the large sample covariance
structure for the MLEs of 8 and y is given by K(B,%9)".

The MLEs f3 and ¥ satisfy nonlinear equations U(53,%) = 0 which can be solved by
Fisher’s scoring method or, equivalently, by the iterative reweighted least squares method.
Thus, we obtain the following equations to estimate 8 and y iteratively

(m) (m)

)?(”’)T‘P(Z’O) Mglll)z)'z(m)ﬁ(nwl) — X(m)r \P(Z,O) Mi"l)zé;("l)’

Z(m)r \1/(0,2)"”)(1)(1"1)2 Z(m) ,y(m+1) _ Z(m)"' \1,1(0,2)(’")(1)(1111)2 é_,gn), (2.2)

where & = 7+ M;'(y — ) and & = 7+ P®? " @1 are n x 1 vectors and 1 is an n x 1
vector of ones. Equations (2.2) show that any software with a weighted regression routine
can be used to calculate the estimators 3 and 9. In general terms we have to regress the
modified dependent variable (¢7, £))" on the local model matrix (X, Z) with the modified
weights defined by

weoN? o
0 y02q?

The iterative procedure (2.2) is very easy to perform using SAS, Matlab or R software.
There are three SAS procedures that enable us to do maximum likelihood estimation of
parameters for a given NLOM: PROC MODEL, PROC NLP and PROC IML. The opti-
mization routines used by these procedures are available through IML subroutines. We
can define any NLOM in the SAS/IML matrix language by the nonlinear log-likelihood
function for one observation obtained from (2.1) and by the nonlinear structures in (1.2)
and call the nonlinear programming subroutines to perform the maximization with re-
spect to the parameter vectors 8 and y. The NLP procedure works very well to obtain 3
and ¥.

Alternatively, we can use a robust linear regression tool box (ROBUSTFIT) of the
Matlab to estimate 8 and y. Following Holland & Welsch (1977) and Street et al. (1988),
the logic behind the algorithm can be easily seen and follows the steps:

1. Set initial values 8@, y©, the tolerance 6@ = A, the maximum iteration M and
the counter of the iterations m = 0;
2. While (6" > €) or (m < M), we iterate between the steps 3. and 6.;
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3. Call the weighting function “WFUN"" and set

P2,000m) Ml2(m) 0

(m) _ '
W _( 0 111(0,2)(111)(1)?(01) ;

4. Call the dependent variable function “CsiFUN” and set Y™ = (gf]T(’"), ng (’"))7';
5. Call the local model function “XZFUN” and set X" = (XT0m, zTm)y,
6. Call the “ROBUSTFIT” function to calculate

(m)
( ) ) = robustfit( X", Y W™ tune, rconstr);

7. Caleulate 6™ = [|(8™T, ™!, m — m + 1.
The parameter values are usually A = 9999, ¢ = 10715, M = 20 and the tolerance is

1/2
6(111) — {(ﬁ(m) _ﬁ(m—l))Z T (,y(m) _ ,y(m—l))Z} )

References to the parameters tune and 7consts can be found in the Matlab help.

We can also use the iterative process described before with the R software, with the
only difference being that the R command “GLS” should be used instead of “ROBUST-
FIT”. Therefore, in the step 6 we use gls(Y 1+ x + ... + X, weights = ‘W), where the x]s
are the columns of X.

From here onward, we assume that 3 and ¥ exist, are finite, unique and are given by
the solution of U(B,%) = 0. Furthermore, we assume that 3 and ¥ converge to their true
parameter values as n — oo and that their asymptotic distributions are multivariate normal
N,(B, Kg,;?) and N,(y, K, ), respectively.

3. BIASES OF THE ESTIMATORS /3 AND ¥

We now introduce the following total log-likelihood derivatives in which we reserve
lower-case subscripts 7, 5,1, u, ... to denote components of the 8 vector and upper-case
subscripts R, S, T, U, ... for components of the y vector: U, = 9l(B,vy)/dB;, Uss =
0B, v)/0B,0ys, Ut = 0°1(B,v)/0B,0vs0yr, and so on. The standard notation will
be adopted for the cumulants of the log-likelihood derivatives k., = E(U,s), Krsy =
E(U,Uy), kw7 = E(U,sUr), etc., where all ks refer to a total over the sample and are, in
general, of order n. We define the derivatives of the cumulants by Kf’\) = Ok,s/ 0B, Kff) =
Okys/0yr, etc. For OGLMs these cumulants were obtained by Cordeiro & Botter (2001).

Not all the «’s are functionally independent. For example, k.5, = Kpy — Kﬁ’\) gives the
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5. APPLICATION
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7. CONCLUSION
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