Brazilian Journal of Probability and Statistics
Volume 22, Number 2, Pages 119—134, December 2008
ISSN 0103-0752

POSTERIOR DISTRIBUTIONS FOR THE LAPLACE MEAN ARISING FROM
RATIOS

SARALEES NADARAIJAH

ABsTrRACT. Posterior distributions are obtained for the mean of the Laplace distribution
by deriving the distribution of the ratio X/Y when X and Y are independent random
variables with Y having the Laplace distribution and X representing the prior distribution
of its scale parameter. The following priors are considered: normal, Student’s ¢, Pearson
type VII, Laplace, logistic, Bessel function and the Gumbel distributions.

1. INTRODUCTION

The Laplace distribution is rapidly becoming the distribution of first choice whenever
“something” with heavier than Gaussian tails is observed in the data. It has found appli-
cations in a variety of areas including communication theory, ocean engineering, finance,
image and speech recognition. For an excellent account of its theory and applications, we
refer the readers to Kotz et al. (2001).

Suppose z is an observation from a Laplace distribution with mean 7 and scale param-
eter 0, i.e. the distribution given by the probability density function (pdf)

5
f@ = EeXp(—élz—n D

for —co < 7 < 00, —0 < 17 < 00 and 6 > 0. In a Bayesian context, one would usually
have some prior knowledge about 6. Suppose the joint prior of n and ¢ is given by
p(n,6) = p(mp(6) = p(d) with n assumed to have the diffuse prior. Then the joint
posterior of 7 and 6 will be

19
p@.612) o Zexp(=0|z—n])p(©)
and the marginal posterior of r will be
)
p(lz) « f 5 exp (=0 |z —n ) p(d)do. (1.1
0

The density in (1.1) is essentially that of the ratio | ¥/X | when | X |~ p(:) and ¥ ~
Standard Laplace are independent random variables. This fact can be easily seen: set
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U=|X|and V =| Y | then the pdf of Z = V/U is

f@ = f uexp(—zu) p(u)du
0
and so the marginal posterior of 7 will be

pmlz) o« f(z—-nb.

Hence, calculating the marginal posterior of 7 amounts to deriving the exact distribution
of | Y/X | when | X |~ p(:) and Y ~ Standard Laplace are independent random variables.

In this note, we consider a slightly more general problem. We derive the exact dis-
tribution of | X/Y | when X and Y are independent random variables with Y having the
Laplace pdf

A
fO) = sexp(=aly-6) (1.2)

and the pdf of X belonging to one of the following families: the normal distribution
specified by

1 (x — )’
fx) = exp {— (1.3)
V2no 207
for —oo < x < 00, —00 < u < o0 and o > 0; the Student’s ¢ distribution specified by
| 2\ 12
x) = —[1+— (1.4)
N WB(V/2,1/2)( V)
for —oo < x < oo and v > 0; the Pearson type VII distribution specified by
T(M-1/2 2\ l/2=M
foy = M2 (1+x—) (1.5)
Vmal (M - 1) m
for —oo < x < 0o, m > 0 and M > 1; the Laplace distribution specified by
f = Eexpulx-o) (1.6)

2
for —co < x < 00, u > 0 and —co0 < ¢ < o0; the logistic distribution specified by
pexpi{—u(x—¢)}

fx) = 1.7)
[1+exp{—u(x— )]

for —oo < x < 0o, u > 0 and —co0 < ¢ < co; the Bessel function distribution specified by

f( ) |1 _ CZ|m+I/2 | X |m ( Cx)K ( %
X) = expl—— | K, ||=
\/;2nlbm+ll—~(m + 1/2) p b ! b

for —oo < x < 00, b >0,]|c|< 1andm > 1; and, the Gumbel distribution specified by
flx) = exp(—x_'u)exp {—exp(—ﬂ)} (1.9)
o o

for —oco < x < 00, —0 < u < o and o > 0. The exact expressions for the cumulative
distribution function (cdf) of | X/ Y | for the above cases are given in Sections 2 to 8. The

) (1.8)
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calculations involve several special functions, including the incomplete gamma function
defined by

y(a,x) = Lx “Lexp(-pdt,
the complementary incomplete gamma function defined by
I'(a,x) = foo ““Lexp (-0 dt,
x
the complementary error function defined by

erfc(x) = i\/_ f exp(—t2
T Jx

the modified Bessel function of the first kind defined by

x” - 1 2\
I, = -1 >
) 2"F(v+1);(v+1)kk!(4)
the modified Bessel function of the third kind defined by
m{l(x) — I,(x)}

2 sin(vr)

K,(x) =

with K(-) interpreted as the limit

Ko(x) = lim K,(x),

the Gauss hypergeometric function defined by

O (@) (b)y ¥
2F )1 (a, b; c; %) (kc) o
k
and, the Meijer G-function defined by
mn ay,...,dp _
Gy (x bi,....b, ) a

1 T +0---Thy+DT(1-a—-0---T(-a,—1

— dt,
270 JL T @y + 0+ T(ap + )T (A = byy = 1)+ T (1= by — 1) [

where (e);y = e(e + 1)---(e + k — 1) denotes the ascending factorial and L denotes an
integration path (see Section 9.3 in Gradshteyn & Ryzhik (2000) for a description of this
path). The properties of the above special functions can be found in Prudnikov et al.
(1986) and Gradshteyn & Ryzhik (2000).
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2. Exact DisTrIBUTION OF X/ Y FOR NORMAL PRrIOR

Theorem 1 derives explicit expressions for the cdf of | X/Y | in terms of the comple-
mentary error function.

Theorem 1. Suppose X and Y are independent random variables distributed according
to (1.3) and (1.2), respectively, with @ = 0. Then, the cdf of Z =| X/ Y | can be expressed
as F(2) = G(2) — G(=2), where

1 A20? + 20z u Ao
G(z) = =ex ( )erfc( + —) 2.1
2 P 27 V2o V22

Proof. The cdf F(z) = Pr(] X/Y |< z) can be expressed as

/l 00 —
Fz) = Ef {@(%)-@(—W)}exp(—ﬂyp, 2.2)

where @(-) denotes the cdf of the standard normal distribution. Using the relationship

O(—x) = %erfc (%) R

(2.2) can be rewritten as

% j:: {erfc (’L%(lfyl) — erfc (ﬁ%)} exp(—=4|ydy

= % {fom erfc (,u\/_Echy) exp(—Ay)dy — Lm erfc (ﬂ\;{:) exp (—1y) dy}(2.3)

The two integrals in (2.3) can be calculated by direct application of equation (2.8.9.1) in
Prudnikov et al. (1986, volume 2). The result follows. O

F(2)

Note that the parameters in (2.1) are functions of u/o (reciprocal of the coefficient of
variation) and Ao (ratio of scale parameters). The following corollary shows that (2.1)
reduces to simpler forms when the reciprocal of the coefficient of variation approaches
7€er0.

Corollary 1. Suppose X and Y are independent random variables distributed according
to (1.3) and (1.2), respectively, with 0 = 0. If u/o — 0 then the cdf of Z =| X/ Y | takes
the form F(2) = G(z) — G(-2), where

1 22a? Ao
G(z) = =ex (—)erfc(—).
2 P 272 27

Proof. follows by limiting u/o — 0in (2.1). O

3. Exact DISTRIBUTION OF X/ Y FOR STUDENT’S f PRIOR

Theorem 2 derives an explicit expression for the cdf of | X/Y | in terms of the Meijer
G-function.
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Theorem 2. Suppose X and Y are independent random variables distributed according
to (1.4) and (1.2), respectively, with @ = 0. If v is an odd integer then the cdf of Z =| X/ Y |
can be expressed as

PRV o2y 0
F = —_— —G}:| — 1 3.1
@ Oy ; Co+172) 242 | k-1.0.5 | -1
where 1(-) denotes the integral
24
I(a) = —f arctan(ﬂ)exp(—ﬁy)dy. (3.2)
7 Jo Va

Proof. Note the following representation for the cdf of (1.4):

1 1 X 1 O&? 1\ v71%x
— + —arctan| — | + — B\, - , if vis odd,
2 7 (\/?) 27‘1’; (2)(v+x21

F(x) = V2 . (3.3)
l+ l 3(1 l l) y X if v is even
5t ~ 55l T V18 )
2 2n — 2°2 ( +x2) 1/

see Nadarajah & Kotz (2003). The cdf F(z) = Pr(| X/Y |< z) can be expressed as

/l (o)
F(z) Ef {FlyD)—F(=zlyDiexp(=41]yDdy

A fo (F () — F (—29)) exp (—Ay) d, 34

where F(-) inside the integrals denotes the cdf of a Student’s ¢t random variable with
degrees of freedom v. Substituting the form for F given by (3.3) for odd degrees of
freedom, (3.4) can be reduced to

(v=1/2

Az 1
Fiz) = I+ —= VB (k, —)J(k), (3.5)
v kzz; 2
where J(k) denotes the integral
0 -
Ik = f YPCA ), (3.6)
0 (2 +v)
By direct application of equation (3.389.2) in Gradshteyn & Ryzhik (2000), one can
calculate (3.6) as
Vl—k /121/ 0
Jk)y = ——Gh|— 1. (3.7
2 \,/El"(k)z2 Bl4z2| k-1,0, 5

O

The result of the theorem follows by substituting (3.7) into (3.5).
Theorem 3 is the analogue of Theorem 2 for the case when the degrees of freedom v
is an even integer.
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Theorem 3. Suppose X and Y are independent random variables distributed according
to (1.4) and (1.2), respectively, with 6 = 0. If v is an even integer then the cdf of Z =| X/ Y |
can be expressed as

WG 1 2
F(z) = V](Z;m(}?%[—v

2nz 422 | k-

0 ]
3 1 1. (3.8)
%2
Proof. Substituting the form for F' given by (3.3) for even degrees of freedom, (3.4) can
be reduced to

v/2

Az r 11
Fz) = m;vB(k 5 2)J(k), (3.9)
where J(k) denotes the integral
Ik = f %dy (3.10)
0 (y2Z2 + V)

By direct application of equation (3.389.2) in Gradshteyn & Ryzhik (2000), one can
calculate (3.10) as

32k N 2y 0
Jk) = Gi:|l— 3 1 . 3.11
®) 2Vl (k—1/2)22 | 422 k=3.0,5 G1D
The result of the theorem follows by substituting (3.11) into (3.9). |

Note that the parameters in (3.1) and (3.8) are functions of 1+/v.

4. Exact DisTRIBUTION OF X/ Y FOR PEARSON TYPE VII PrRIOR

The expressions in Theorems 2 and 3 take different forms depending on whether the
degrees of freedom parameter is an odd integer or even integer. If X is a Pearson type VII
random variable specified by (1.5) then it is well-known that

U = —X 4.1
m
(where M = 1+a/2)is a Student’s  random variable with a degrees of freedom. Because
of this relationship, one would expect the cdf of | X/Y | to be different depending on
whether a is an odd integer or not. Theorems 4 and 5 derive explicit expressions for the
cdf of | X/Y | for these two cases.

Theorem 4. Suppose X and Y are independent random variables distributed according
to (1.5) and (1.2), respectively, with @ = 0. If a = 2(M — 1) is an odd integer then the cdf
of Z =| X/ Y | can be expressed as

\/a (a-1)/2 1 G3| [ a

0
F(z) = 1(a)+% ; Th+i/2) 13|22

1
~1.0.=
k ,0,2

] , 4.2)
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where r = \a/mz and I(-) denotes the integral

_ 2 (" Y
I(a) = ﬂj(; arctan(\/_)exp( y) dy. 4.3)

Proof. Using the relationship (4.1), one can write the cdf as Pr(| X/ Y |[<2) =Pr(J U/ Y |<
r), which can be expressed as

1 (o)
EI {(F(rlyl)=F(rlyDiexp(=1[yDdy

00

F(r)

fo (F(ry) — F (=ry)) exp (=) dy, 44

where F(-) inside the integrals denotes the cdf of a Student’s ¢ random variable with
degrees of freedom a. Substituting the form for F given by (3.3) for odd degrees of
freedom, (4.4) can be reduced to

(a-1)/2
1
F(r) = Ia)+—— akB(k,—)J(k), 4.5)
7va ; 2
where J(k) denotes the integral
< yexp(—
VORE f XD g, (4.6)
0 (y2r2+a)

By direct application of equation (3.389.2) in Gradshteyn & Ryzhik (2000), one can
calculate (4.6) as

al* af a 0
Jk)y = —Gi3|— 1 1. 4.7
® 2¥aT(r? P (47 | k= 1,0,5 @7
The result of the theorem follows by substituting (4.7) into (4.5). O

Theorem 5. Suppose X and Y are independent random variables distributed according
to (1.5) and (1.2), respectively, with 8 = 0. If a = 2(M — 1) is an even integer then the cdf
of Z =| X/Y | can be expressed as

a/2
F@ = 2mzr(k) [4r2

where r = \a/mz.

1
9095

0
3 ] : 4.8)
2

Proof. Substituting the form for F' given by (3.3) for even degrees of freedom, (4.4) can
be reduced to

al2
_ k 11
Fry = — ;a B(k > 2)J(k), (4.9)

where J(k) denotes the integral

Jk) = f ) (yex&dy. (4.10)
0

=172
vt + a)
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By direct application of equation (3.389.2) in Gradshteyn & Ryzhik (2000), one can
calculate (4.10) as

a3k o a 0
Jk) = Gi:|l— 3 1 . 4.11
=y el @1
The result of the theorem follows by substituting (4.11) into (4.9). |

Note that the parameters in (4.2) and (4.8) are functions of VM — 1.

5. Exact DistriBuTION OF Y/X FOR LAPLACE PRIOR

Theorems 6 derives explicit expressions for the cdf of | Y/X | in terms of elementary
functions.

Theorem 6. Suppose X and Y are independent random variables distributed according
to (1.6) and (1.2), respectively. The cdf of Z =| Y/X | can be expressed as one of the
following:

(1) if ¢ < —6/2<0<6/zand 6> 0 then
F@ = {2pedz+ud®? —vi%? —Pa— b + 2 = 2222 - 2222)).5.1)
2) if-60/z<¢d <0<0/zand 6 > 0 then
FR) = {=2padz+ /w2 = (A fay? +v22 + b2} [{2(22 = 12)). (5.2)
(3) if-0/z2<0<¢ <6/zand 6> 0 then
FQ = {1/ = b + v + (1 ay? = 21 /P A} [(2(4% - 1)}, (5.3)
4) if-6/2<0<0/z<¢andf >0 then
FR) = exp(-10 — up — 22z¢){ — 2 exp(2Az) Az + 1 exp {p(ut + A2)}
+q (% = 1) 2 +2exp(A0 + 22¢ + up) 1’2 — pA°7*
+exp(246 + Azg + oy} {222 - 12)). (5.4)
(5) if$ <6/2<0<—6/zand 6 <0 then
F@ = (2pBlz+v%2 —ud? - 12b - jila+ 2 - 2222} (212 - 2222)). (5.5)
(6) if6/z<¢ <0< —6/zand6 <0 then
F) = {=2uBlz+ (1P = (1/b) + uds + q?}[(2(%2 - 7)), (5.6)
(7) if6/z<0<¢ < —6/zand 6 < 0 then

F@) = {/ma%? — o + ur’s® + (1/by = 2p(1 f) ) {2(% = 42)). (5.7)



~J

POSTERIOR DISTRIBUTIONS FOR THE LAPLACE MEAN ARISING FROM RATIOS 12

(8) if6/z <0< —6/z<¢and6 <0 then
F(2) = exp(df - pg — 24z0){ - 21 exp2Az¢)Az + 11° exp {d(u + A2)
5 (2% = 1) 2 + 2exp(=A60 + 2426 + ) 1’2* — rd’2’
+exp(—240 + Az + ppy} {2222 - 42)), (5.8)

where @ = exp(ugp — 16), B = exp(ug + 10), a = exp(A(¢z + 6)), b = exp(A(¢pz — 6)), u =
exp((u/2)(@z+0)), v = exp((u/2)($z—6)), p = exp((A6z +242°¢ + u6)/2), q = exp((A6z +
222%¢ — u6)/z), r = exp((—A60z + 247%¢ — ub)/z), and s = exp((—A6z + 21%¢ + ub)/7).

Proof. The cdf F(z) = Pr(] Y/X |< z) can be expressed as

F@) = gf (Felxh—FCzlxhexpulx—¢hds,  (59)
where F(-) inside the integral denotes the cdf corresponding to (1.2) given by
1
—exp{A(x - 6)}, ifx <6,
F(x) = 2 (5.10)

1—%exp{/1(0—x)}, if x > 6.

The results in (5.1)—(5.8) follow by elementary integration of (5.9).

O

following:
(D) ifp <-0/7<0<60/zand @ > 0 then

2) if-0/z<¢<0<6/zand 6 > 0 then
















where




where
following
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