Brazilian Journal of Probability and Statistics
Volume 22, Number 2, Pages 135-155, December 2008
ISSN 0103-0752

SPECTRAL PROPERTIES OF TEMPORALLY AGGREGATED LONG
MEMORY PROCESSES

LEONARDO ROCHA SOUZA

AssTrACT. This paper derives the spectral density function of aggregated long memory
processes in light of the aliasing effect. The results are different from previous analyses in
the literature and a small simulation exercise provides evidence in our favour. The main
result points to that flow aggregates from long memory processes shall be less biased than
stock ones, although both retain the degree of long memory. This result is illustrated with
the daily US Dollar/French Franc exchange rate series.

1. INTRODUCTION

Temporally aggregated time series data appear frequently in Economics, either because

the collecting process implicitly aggregates data from different time periods or because
the econometrician wants to work on a time frequency different (lower) than that of the
collected data. Temporal aggregation has distinct interpretations depending on whether
the underlying variable is a stock or a flow variable. A stock variable is aggregated
through skip-sampling while a flow variable is aggregated by summing subsequent ob-
servations with no overlap in the sums.

The question as to use aggregated or disaggregated data does not have a clear answer.
Using aggregated data has the disadvantage of reducing the sample size, while on the
other hand often simplifies the model to be fitted to the data as it reduces the influence of
some short run components. Moreover, long memory time series models require longer
series to be reasonably estimated than ARMA models, for example. If the time unit
is small, high frequency data are collected and the sample usually remains large after
aggregation. However, if the original data are, e.g., monthly and aggregated to quarterly
series, a small aggregated series is usually obtained. An example of high frequency series
whose memory parameter (or alternatively integration order) is estimated across different
levels of aggregation is the French Franc/German Mark exchange rate that appears in
Bisaglia & Guegan (1998). As to low frequency data, Diebold & Rudebusch (1989) use
annual and quarterly data in their (long memory) study of real US GNP and Chambers
(1998) uses quarterly and annual flow data to estimate the memory parameter of a number
of UK macroeconomic series. Tschernig (1995), in turn, uses daily, weekly, monthly and
quarterly data to investigate the long memory in a number of exchange rates.
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Specification (and identification) of aggregated long memory processes is important
since it can shed a light on the question of which data (aggregated or disaggregated)
is preferable to use. Even in the case the variable is of the stock type, in which ag-
gregation means ignoring part of the data, there are cases in which one might prefer
aggregating data. Since least squares and maximum likelihood estimation methods aim
at minimizing the one step ahead forecasting error, for longer horizons (A steps ahead) a
one step ahead forecast from the data aggregated at level & would yield a & steps ahead
forecast for the original data (as used in Soares & Souza (2006), to forecast hourly elec-
tricity demand one to seven days ahead). Tschernig (1995) and Teles et al. (1999) studied
the effects of temporal aggregation (the latter only for the flow type) on AutoRegres-
sive Fractionally Integrated Moving Average (ARFIMA) models. They conclude that an
ARFIMA(p, d, q) turns out to be an ARFIMA(p, d, ) when aggregated. They do not
provide the MA polynomial for non-overlapping aggregates but only the MA(co) poly-
nomial (or an insight to it) for the overlapping type of aggregation, although they refer to
non-overlapping aggregated processes. Beran & Ocker (2000), in turn, show that an ag-
gregated ARFIMA(p, d, q) process tends to an I(d) process as the level of aggregation n
tends to infinity. Crato & Ray (2002) provide the spectral density function of aggregated
(flow) ARFIMA processes, but it depends on the MA(oo) polynomial that is not derived
completely in Tschernig (1995) and Teles et al. (1999). Chambers (1998) investigates
the spectral density function of stock and flow aggregated long memory processes, as
well as continuous-time long memory processes observed at discrete-time intervals and
cross-sectionally aggregated long memory processes. For the temporal aggregation of
discrete-time processes, he does not take into account the aliasing effect as he does in
the case of the continuous-time processes. All these papers agree that neither type of
aggregation changes the memory parameter.

The related issue of estimating the fractional integration parameter of aggregated series
is investigated in Souza & Smith (2002) for stock series, and in Souza & Smith (2004) for
flow series. The former concludes that temporal aggregation of stock processes induces
a non-negligible bias in the memory parameter and relates it to the aliasing effect. In
contrast, the latter finds that temporal aggregation of flow processes generally does not
induce any significant bias.

The issue of forecasting aggregated versus disaggregated long memory series is inves-
tigated in Souza & Smith (2004). They compare the forecasting performance of aggre-
gated (flow) ARFIMA series against the cumulative forecasts from the original series.
They conclude that in general disaggregated models forecast better for d > 0 and worse
for d < 0, comparing with aggregated models. This latter finding contrasts with the re-
sults from ARIMA models, where forecasts from the aggregated series are, at best, not
much worse than aggregated forecasts from the underlying series (see Amemiya & Wu
(1972), Lutkepohl (1986), Wei (1989), and Hotta & Neto (1993), to name a few).

The present paper is inserted among those on the issues of identification and estimation.
It derives the spectral density function (alternatively speaking, spectral function, spectral
density or spectrum) of aggregated stock and flow long memory processes in light of
the Aliasing Theorem, unlike the previous works of Chambers (1998) and Crato & Ray
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(2002). Indeed, the present paper brings the proofs, illustration and discussion of results
hinted in Souza (2005).

The result is a completely different formula, of which a simulation study brings evidence
in favour, as it matches with the periodogram averaged across 100 realizations of each
process. The Aliasing Theorem is adapted to the case a discrete-time process is observed
at a slower sampling rate. One may infer from the formulas that flow aggregates from
long memory processes shall be less biased than stock ones. This result is illustrated
with the daily US Dollar/French Franc exchange rate from October 20, 1977 to October
23, 2002. In a long memory stochastic volatility model framework, the logarithm of
the squared returns are analysed and the absence of long memory is rejected by the Lo
(1991)’s modified R/S test. The series is aggregated as flow and stock variables and flow
aggregates yield estimates of the same order as the original series, while stock aggregates
yields estimates somewhat lower. This result is also consistent with the aforementioned
works of Souza & Smith (2002), Souza & Smith (2004).

A secondary result is related with two definitions of the fractional memory parameter
(and long memory) usually taken as equivalent; the time-domain definition:

Definition 1. Let X, be a stationary process such that
o ~ (kP! as k — oo (1.1)

holds for a real number d € (—0.5,0.5), where py. is the k—th order autocorrelation of the
process; c,(k) is a function slowly varying as k tends to infinity, and c,(k) has the same
sign as d. Then d is the memory parameter of X,, and, if d > 0, X, is said to display long
memory or equivalently long range dependence.

and the frequency-domain definition:

Definition 2. Let X, be a stationary process such that
fQ) ~c DA asA—0 (1.2)

holds for a real number d € (—0.5,0.5), where f(Q) is the spectral density function of the
process; c(A) is a positive function, slowly varying as A tends to zero, and A € (—n,n].
Then d is the memory parameter of X,, and, if d > 0, X, is said to display long memory
or equivalently long range dependence.

The result is that a negative memory parameter d, according to its frequency-domain
definition, changes with the aggregation of stock variables while remains unchanged if
taken as to the time-domain definition. This proves the non-equivalence for d < 0 of
the time- and frequency-domain definitions usually considered in the literature to define
the memory parameter, given respectively by equations 1.1 and 1.2. On the other hand,
aggregating a flow variable does not change the memory parameter according to either
definition.

The plan of the paper is as follows. Section 2 defines long memory and ARFIMA models.
Section 3 derives the autocovariances and the spectral density function of aggregated
long memory processes, while Section 4 provides a small Monte Carlo simulation. An
example with the daily US Dollar/French Franc exchange rate series illustrates the results
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in Section 5. Section 6 offers a final consideration. All technical details and proofs are
relegated to the Appendix.

2. LoNG MEMORY MODELS

Long memory in stationary processes has traditionally two alternative definitions, one in

the frequency-domain and the other in the time-domain, as given in Definitions 1 and 2.
Although there are some works in the literature that state they are equivalent, Robinson
(1995), (p.1632) argues that this is true only if the autocovariances are quasimonotoni-
cally convergent to zero.

In a broader context than that of stationary long memory, allowing d outside (0, 0.5), X,
is said to be antipersistent if d € (—0.5,0); while if d > 0.5 the process is non-stationary
(and still long memory); and if d < —0.5 the process is non-invertible. Short memory pro-
cesses are those for which d = 0. The first long memory model to appear in the literature
is the Fractional Gaussian Noise (Mandelbrot (1965), Mandelbrot & Ness (1968)), while
the most popular class of models is the ARFIMA (Hosking (1981), Granger & Joyeux
(1980)), which is a generalization of the ARIMA models allowing a non-integer integra-
tion parameter. X, follows an ARFIMA(p, d, ¢) model if ®(B)(1 - B)?X, = @(B)s,, where
& is a mean-zero, constant variance (o) white noise process, B is the backward shift op-
erator such that BX, = X,_;, and ®(B) = 1-¢1B—...—¢,B” and O(B) = 1+6,B+...+6,B9
are the short-run autoregressive and moving-average polynomials, respectively. If the
roots of ®(B) are outside the unit circle, the process is stationary and if the roots of ®(B)
are outside the unity circle the process is invertible. A non-integer difference can be ex-
panded into an infinite autoregressive or moving average polynomial using the binomial
theorem:

a-mf=Y( 4 s @

k=0

where ( 5 ) =T+ 1;5?(2 1_) D and I'(.) is the gamma function. The Wold represen-

tation of an ARFIMA model is obtained through inverting the non-integer difference and
the AR polynomials as follows:

X, = -B) ‘0 Y(B)O(B)g, (2.2)

The term (1 — B)™ is computed using equation 2.1, replacing d by —d. The AR poly-
nomial can be inverted more easily if it is first factored in smaller terms (1 — ciB),
i = 1,...,p, before it is inverted and then convoluted back. The ARFIMA spectral
density function is given by:

od |®(e—i/l)|2

|O(e~i)[2
where i = —1 and A is the frequency (Hosking (1981)). The spectral density function
of ARFIMA processes has a pole in the frequency zero if d > 0, whereas if d < 0 it

o2 ;
f =321 - e (2.3)
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is bound to zero in that frequency. An ARFIMA model satisfies Definitions 1 and 2 if
0 < d < 0.5, having thus long memory while being stationary. An extensive overview of
the long memory literature up to is given in Beran (1994), whereas Baillie (1996) offers
a good survey of applications of long memory models in Econometrics.

3. AGGREGATION OF LoNG MEMORY MODELS
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4. SIMULATION
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