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ESTIMATION OF POPULATION MEAN WITH PRIOR INFORMATION
USING SCRAMBLED RESPONSE TECHNIQUE

NIDHI MATHUR AND HOUSILA P. SINGH

ABsTRACT. The objective of this paper is to suggest an estimator for estimating the pop-
ulation mean using a priori knowledge about the mean in the presence of scrambled re-
sponse. We have derived the bias and mean square error (MSE) of the proposed estimator
and compared with Eichhorn & Hayre (1983) estimator. It has been shown that the pro-
posed estimator is more efficient than Eichhorn & Hayre (1983) estimators under some
realistic conditions. Both theoretical and empirical results are sound and encouraging in
support of the present study.

1. INTRODUCTION

An ingenious interviewing procedure for eliciting information on sensitive attribute
was introduced by Warner (1965). Several randomized response models have been devel-
oped by different authors for collecting data on both the qualitative and the quantitative
variables after the pioneering work of Warner (1965), for instance, see Warner (1971),
Chaudhuri & Mukerjee (1988), Mangat et. al. (1995a,1995b,1995¢,1997), Tracy & Man-
gat (1996,1998) and Gupta et. al. (2002).

Eichhorn & Hayre (1983) introduced a scrambled randomized response method for
estimating the mean response when the sensitive variable of interest is quantitative in
nature. By this procedure, the interviewees are asked about their value of the sensitive
response variable. In return, they are allowed to respond with a coded (or scrambled)
value composed of their true value for the variable of interest, multiplied by some random
number. The interviewer does not know which random number was used by each of the
interviewees for coding their responses, but fully knows the underlying distribution which
generated the random coding number (see Bar-Lev et. al., 2004).

Let X denote the answer to the sensitive question, and S be a random variable inde-
pendent of X and with finite mean and variance. It is assumed that X > 0 and S > 0. The
respondent generates S using some specified method and multiplies his sensitive answer
X by S. The interviewer receives the scrambled answer ¥ = XS . The particular values of
S are unknown to the interviewer, but its distribution is known. The mean 6 = E(S) and
the variance y*> = V(S) of the scrambling variables S, are assumed to be known. The i-th
respondent selected in the sample of size n, drawn by using simple random sampling with
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replacement (SRSWR), is requested to report the value z; = y;/6 as a scrambled response
on the sensitive variable, X. Eichhorn & Hayre (1983) obtained an unbiased estimator of
population mean, i, = E(X) given by

. 1 n ~
us—EZz,—z (1.1)
J=1
with variance
2
o Y
V(i) = XT" (1.2)

where 03 = V(X), Cx = 04 /ptr, Vi = | C3+ C5(1+C3)J, and C, = y/6 denotes the known
coeflicient of variation of the scrambling variable S.

In practice the experimenter often possesses some knowledge of the experimental con-
ditions, based on acquaintance with the behaviour of the system under consideration or
from past experience or from some extraneous source, and is thus in a position to give an
educated or an initial estimate, say 6y, of the value of the parameter under investigation.
In the estimation of an unknown parameter, if one has a priori knowledge about the pa-
rameter in the form of a point, it can be used to obtain a ‘better’ estimate. A systematic
development of the use of a priori or guess values originated from the work of Thompson
(1968) who tackled the problem of shrinking an unbiased estimator (or maximum likeli-
hood estimator(MLE)) 8 of a parameter 6 towards its guessed value 6y and proposed an
estimator T = [k + (1 -k)8y],0 < k < 1. The constant k is specified by the experimenter
according to his belief in 6. A value of k near to ‘zero’ implies a strong belief in 6.
Thompson (1968) observed that the shrinkage estimator T is more efficient than 8 if the
actual value of the parameter is close to its priori value and less efficient otherwise. The
relevant references in this context are, Mehta & Srinivasan (1971), Mehta & Raghunan-
danan (1975), Pandey (1979), Lemmer (1981), Jani (1991), Kourouklis (1994), Ahmed
& Rohatgi (1996), Tracy et. al. (1996), Tse & Tse (1996), Baklizi & Qader El-Masri
(2004), Saxena (2004) and Shirke & Nalawade (2003) etc.

Motivated by the above discussion, we have suggested an estimator of ¢, when a prior
estimate (or guessed value) 1, is available and its properties are discussed.

2. THE SUGGESTED ESTIMATOR

In the estimation of an unknown parameter there often exists some prior knowledge
about the parameter under investigation which one would like to use in order to obtain a
better estimate. The Bayesian approach is well known example in which prior knowledge
about the parameter is available in the form of prior distribution.

Let p,, be the guessed value (or prior estimate) of the population mean u, obtained
from the past data or experience. Then motivated by Thompson (1968) and Singh &
Mathur (2004), we define an estimator for u, as

fie = kit + (1 — Kty 0 <k < 1 @.1)

where k is a constant specified by the experimenter according to his belief in y,,. A value
of k near to zero implies a strong belief in u,, whereas near one will imply strong belief
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in fI,. It is to be mentioned that the use of prior estimate p,, in constructing the estimator
for u, has also been made by Eichhorn & Hayre (1983).
The bias and mean squared error of fi; are respectively given by

B(fu) = E(f) — ux = (1 = b A (2.2)
and
A 2 KV, 242
MSE({) = uy , + (1 -k)A 2.3)

where A = (uy, — ux)/px. From (2.2) and (2.3) it follows that
MSE(@) < V(iy),

if
2y 1%
KV, +(1=k)>A% < =X,
n n
1e., if
(1+Kk)V,
AN<—2X 0<k<1 24
S -tn ° 24
or equivalently,
A2-V
12 7)) k<. 2.5)
nAz +V,

We have computed the ranges of k for C,, = 1 and different values of C,, A and n in which
the suggested estimator [ is more efficient than usual unbiased estimator ;. Findings
are given in Table 1.

3. CoMPARISON OF jI;y WITH EICHHORN & HAYRE (1983) ESTIMATOR

When the prior estimate of iy, of u, is available, Eichhorn & Hayre (1983) suggested
an estimator for yu, as

N

/l(vl) =ﬁAY_(5)/'tX() (3.1

where's = ¥, s;/n.
The bias and mean squared error (MSE) of ,a(sl) are respectively given by

B(") = —(1 + Ay (3.2)

and )
MSE(@\") = ’%[Vx + (N =1)C+(A+1)°n]. (3.3)

From (2.2) and (3.2) we note that |B()| < |B@E\)| if

I(1 = KA <|(1+A)|. (3.4)
Further it follows from (2.3) and (3.3) that MSE(2) < MSE(a\") if

L = D)V = n(kA + D{2 = bA + 1} + (1 - AHC;] <0,

ie., if

nA? — \Jn2A* + (nA? + V,)® re nA? + \n2A* + (nA2 + V,)®
(nA2 +V,) (nA2 + V)

3.5)
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TasLE 1. Range of k for C, = 1 and different values of C,, A and n.
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TasLE 2. Range of k for C, = 1 and different values of C,, n and A.

A=0.1 A=03
Cil n—>| 5 10 | 15 | 20 | 50 5 10 | 15 | 20 | 50
0.25 0~11]0~1]0~1|0~1|0~1|0~1|0O~1|0~1]|0~1]0~1
0.5 0~11]0~1]0~1|0~1|0~1|0~1|0~1|0~1]0~1]0~1
0.75 0~11]0~1]0~1|0~1|0~1|0~1|0O~1|0~1]|0~1]0~1
1 0~11]0~1]0~1|0~1|0~1|0~1|0~1|0~1]|0~1]O0~1
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0.25 0~11]0~1]0~1|0~1|0~1|0~1|0~1|0~1]0~1]0~1
0.5 0~11]0~1]0~1|0~1|0~1|0~1|0O~1|0~1]|0~1]0~1
0.75 0~11]0~1]0~1|0~1|0~1|0~1|0~1|0~1]0~1]0~1
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where @ = {n(1 + 2A) + A2C§ +C2(1 + C%)}.

For given values of n, A, C, and C,, we have computed the ranges of k for which the
proposed estimator fI; is more efficient than iy and presented in Table 2

The percent relative efficiencies (PRE) of fi; with respect to iy and ,a(sl)
given by

are respectively

A7
K+ (1 - k)2n7] % 100 (3.6)

X

PRE(., f15) =

and
[n(1 4+ A)? + V, + (A% - 1)C§J
[k2V, + n(1 = k)2A?]

PRE(y, o) = % 100 . 3.7
To have tangible idea about the performance of the suggested estimator fix,we have
computed the PRE({, fi;) and PRE({, ﬁf,.‘)) for C, = 1 and different values of n, A, C,.
The conclusions are compiled in Tables 3 and 4 respectively.
Table 2 shows that the proposed estimator fi; is more efficient than Fichhorn & Hayre
(1983) estimator [ for full range of k (i.e. 0 < k < 1) and all values of n, C, and A.
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TasLE 3. Percent relative efficiency of fi; with respect to usual unbiased

estimator fi, for C, = 1.0 and different values of n, k, A and C,.

C,=T0A=01Fk=01
Clno 5 10 15 20 50
0.5 217391 1219.5T 847.46 649.35 270.27
05 270270 | 156250 | 1098.90 847.46 357.14
0.75 344130 | 207824 | 1488.62 | 1159.62 498.53
T 425532 | 270270 | 1980.20 | 1562.50 689.66
2 689655 | 5263.16 | 425532 | 3571.43 T818.18
3 824295 | 7011.07 | 609952 | 5397.73 | 3193.28
3 8906.88 | 802020 | 730897 | 6707.32 | 4489.80
S 9264.51 8029.44 8076.01 7589.29 5573.77
6 947437 | 900123 | 8573.11 8183.86 | 643172
A=03
0.5 299.40 T51.98 T01.83 76.57 30.77
05 395.26 201.61 135.32 T01.83 40.98
0.75 550.87 283.24 190.63 143.65 57.96
T 760.46 395.26 267.02 201,61 81.63
) 1980.20 | 109890 760.46 581.40 240.96
3 342651 206746 | 148033 T152.91 495.44
4 4751.62 | 3116.15 | 2318.23 1845.64 830.19
5 583190 | 411622 | 318054 | 2501.46 | 1227.44
6 6669.71 500343 | 400329 | 333638 1663.57
A=035
0.5 109.89 55.05 36.90 27.70 11,10
05 145.99 7353 49.14 36.90 14.79
0.75 205.56 103.85 69.47 52.20 20.94
T 287.77 145.99 97.80 73.53 20.54
) 81633 425.53 28777 217.39 8811
3 1580.04 857.79 583.69 44811 184.20
4 245810 | 140127 979.96 753.42 315.64
5 334975 | 201183 1437.63 111842 479.55
6 4189.38 | 2649.73 1937.62 | 1527.20 672.50
A=07
0.5 56.37 2826 18.86 14.15 5.67
05 75.02 37.65 25.13 18.36 755
0.75 105.95 53.25 35.57 26.70 10.70
T 143.92 75.02 50.14 37.65 15.00
) 43384 2173 148.92 T12.11 45.15
3 873.76 456.84 309.27 233.76 94.83
4 1425.79 767.62 525.19 399.13 163.57
5 204450 | 1138.65 789.05 603.69 250.55
6 2689.26 | 155352 | 109224 842.18 354.80
C,=10 A=09 k=0.
0.5 34.18 17.12 142 857 3.43
05 4552 2281 1522 11.42 457
0.75 64.36 32.28 2155 16.17 6.47
T 90.62 45.52 30.39 2281 0.14
) 267.02 135.32 90.62 68.12 27.36
3 S4T47 281.44 189.40 4273 57.58
4 914.00 47889 324.44 245.32 99.59
5 134547 721.26 492.68 374.12 153.08
6 182022 | 1001.23 690.54 527.00 217.68
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Table 3 continued...

C,=10 A=0.1 k=0.25
Cln 5 10 15 20 50
0.25 1142.86 888.89 727.27 615.38 320.00
0.5 1230.77 1000.00 842.11 727.27 400.00
0.75 1320.39 1123.97 978.42 866.24 51321
I 1391.30 1230.77 1103.45 1000.00 640.00
2 1523.81 1454.55 1391.30 1333.33 1066.67
3 1562.98 1527.64 1493.86 1461.54 1293.62
4 1578.48 1557.52 1537.12 1517.24 1408.00
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